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D i s s e r t a t i o n  Com m ittee
ABSTRACT
The a s s i m i l a t i o n  o r  dynamic m a tc h in g  o f  a s y n o p t i c  m e t e o r o l o g ic a l  
d a ta  w i t h  e x i s t i n g  f o r e c a s t  f i e l d s ,  i n  s p a c e  and  t im e ,  i s  n e c e s s a r y  to  
o b t a i n  th e  maximum b e n e f i t  from th e  "new" d a t a  and  t o  p r e c l u d e  th e  e x c i ­
t a t i o n  o f  l a r g e - a m p l i t u d e  i n e r t i a l - g r a v i t y  w aves .  P r o g n o s t i c  f i e l d s  o f  
wind and  g e o p o t e n t i a l ,  p ro d u ced  by th e  n o n l i n e a r  longwave e q u a t i o n s ,  p lu s  
s im u la t e d  a s y n o p t i c  g e o p o t e n t i a l  o b s e r v a t i o n s  a r e  m atched  by th e  n u m er i­
c a l  v a r i a t i o n a l  a n a l y s i s  m ethod . The l i n e a r i z e d  b a l a n c e  e q u a t i o n ,  i n t e ­
g r a t e d  c o n t i n u i t y  e q u a t i o n ,  and  o b s e r v a t io n s  w e a k ly  c o n s t r a i n  th e  a n a l y ­
s i s .  The t h r e e  co u p le d  a s s i m i l a t i o n  e q u a t i o n s  a r e  s o lv e d  a s  boundary  
v a lu e  problem s by a c y c l i c  r e l a x a t i o n  t e c h n iq u e .
The r e s p o n s e  f u n c t i o n  i s  i n v e s t i g a t e d  f o r  a  s im p l e r  sy s te m  o f  
a n a l y s i s  e q u a t io n s  w h ich  r e s u l t  when h o r i z o n t a l  n o n - d iv e r g e n c e  i s  u se d  
a s  a  c o n s t r a i n t  i n s t e a d  o f  t h e  I n t e g r a t e d  c o n t i n u i t y  e q u a t i o n .  The 
r e s p o n s e  f u n c t i o n s  show t h a t  a m p l i f i c a t i o n ,  p h a s e  s h i f t i n g ,  and  a n i s o ­
t r o p i c  f i l t e r i n g  o c c u rs  i n  t h e  dynamic m a tc h in g  p r o c e s s .
The v a r i a t i o n a l  a s s i m i l a t i o n  model i s  t e s t e d  u s i n g  s im u la te d  
d a t a .  When th e  " o b se rv e d "  g e o p o t e n t i a l  d e v i a t e s  s i g n i f i c a n t l y  from th e  
p r e - e x i s t i n g  f o r e c a s t ,  th e  model a d j u s t s  t h e  v a r i a b l e s ,  w ind  and  geopo­
t e n t i a l ,  such  t h a t  th e  a m p l i tu d e  o f  th e  i n e r t i a l - g r a v i t y  waves i s  r e ­
duced  by 60-82% o f  i t s  o r i g i n a l  v a lu e  d e p e n d in g  on th e  s p e c i f i c  c h o ic e  
o f  th e  weak c o n s t r a i n t  w e i g h t s .  The e x p e c te d  a m p l i f i c a t i o n  o f  th e  s h o r t e r  
w a v e le n g th  components o f  th e  w ind  f i e l d  i n  r e s p o n s e  t o  th e  g e o p o t e n t i a l  
i s  o b s e r v e d .
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INTRODUCTION
The i n c r e a s i n g  abundance  o f  s a t e l l i t e  s e n s e d  m e t e o r o l o g ic a l  
d a ta  h as  g e n e r a te d  c o n s i d e r a b l e  i n t e r e s t  i n  th e  a s s i m i l a t i o n  o f  t h e s e  
a s y n o p t i c  d a ta  i n t o  th e  f o r e c a s t  model i n  o r d e r  to  u p d a te  th e  model and 
improve th e  a c c u ra c y  o f  th e  f o r e c a s t s .  B u t ,  i n  a c t u a l i t y ,  th e  a s s i m i l a ­
t i o n  p rob lem  h a s  e x i s t e d  s i n c e  th e  a d v e n t  o f  n u m e r ic a l  w e a th e r  p r e d i c ­
t i o n .  The o p e r a t i o n a l  t e c h n iq u e  h a s  b een  t o  r e s t a r t  th e  t im e e v o l u t i o n  
o f  th e  a tm o sp h e re  a t  s p e c i f i e d  t im e s .  P r i o r  t o  r e s t a r t i n g ,  th e  c onven ­
t i o n a l  r a d io s o n d e  o b s e r v a t i o n s  have  b een  b le n d e d  w i t h  th e  f o r e c a s t  by 
an  o b j e c t i v e  a n a l y s i s  t e c h n iq u e  (Shumbera, 1 9 7 0 ) .  The r e s u l t i n g  f i e l d s  
can be m atched by dynamic r e l a t i o n s h i p s ,  such  a s ,  th e  b a la n c e  e q u a t i o n  
(C harney , 1 9 5 5 ) ,  o r  th e y  may be d y n a m ic a l ly  a d j u s t e d  th ro u g h  a v a r i a ­
t i o n a l  a p p ro a c h  (L e w is ,  19 7 2 ) .  These  a n a ly s e s  a r e  th e n  u sed  to  i n i t i a t e  
the  f o r e c a s t  c y c l e .  T h is  a n a l y s i s - f o r e c a s t  p r o c e d u r e  i s  r e p e a t e d  e v e ry  
s i x  o r  tw e lve  h o u r s .
From a f o r e c a s t  model p e r s p e c t i v e ,  a ssum ing  a j u d i c i o u s  tim e 
i n t e r v a l ,  t h e r e  a r e  no a s y n o p t i c  d a t a .  At c e r t a i n  t im e s ,  c l u s t e r s  o f  
d a t a  e x i s t  w i th  v a r y i n g  d i s t r i b u t i o n s  and s p a t i a l  e x t e n t .  Examples a r e  
th e  c o n v e n t io n a l  r a d io s o n d e  ne tw ork  i n  N o r th  A m e ric a ,  A f r i c a ,  o r  tem ­
p e r a t u r e  p r o f i l e s  i n  c l o u d - f r e e  a r e a s  d e r i v e d  from p o l a r  o r b i t i n g
s a t e l l i t e  d a t a .  The p rob lem  now i s  how to  e x t r a c t  from th e s e  d a t a  u s e ­
f u l  i n f o r m a t io n  to  f o r c e  th e  s u b s e q u e n t  f o r e c a s t  t o  b e t t e r  d e s c r i b e  th e  
a c t u a l  a tm o s p h e re .  Once th e  f o r e c a s t  i s  beyond th e  t im e  t h a t  th e  o b s e r ­
v a t i o n s  a r e  a v a i l a b l e ,  i t  s t i l l  may be n e c e s s a r y  t o  a d j u s t  o r  m odify  th e  
f o r e c a s t  v a r i a b l e s  due to  t h e  n u m er ic s  o f  th e  f o r e c a s t  scheme. An i l l u s ­
t r a t i o n  o f  t h i s  i s  th e  e x i s t e n c e  o f  th e  c o m p u ta t io n a l  mode when u s in g  
c e n te r e d - t i m e  d i f f e r e n c e s  ( H a l t i n e r ,  1971 ) .  To s u p p r e s s  t h i s  mode,
Kurihara (1965) s u g g e s t s  t h a t  a t  r e g u l a r  i n t e r v a l s  th e  f o r e c a s t  scheme 
be changed , f o r  a few tim e s t e p s ,  to  one t h a t  s e l e c t i v e l y  damps th e  
h i g h - f r e q u e n c y  o s c i l l a t i o n s  o f  th e  c o m p u ta t io n a l  mode. Thus, an  a s s i m i ­
l a t i o n  scheme sh o u ld  have  m u l t i p l e  c a p a b i l i t i e s :  f o r e c a s t  m o d i f i c a t i o n
d u r in g  th e  o b s e r v a t i o n a l  i n c o r p o r a t i o n  phase  (p h ase  I) , and f o r e c a s t  
a d ju s tm e n t  o r  f i l t e r i n g  d u r in g  t h e  p u re  f o r e c a s t  p h a s e  (p h ase  I I ) .  T h is  
im p l ie s  t h a t  th e  a s s i m i l a t i o n  and  f o r e c a s t  m odels c o u ld  be s e p a r a t e ,  b u t  
i n t i m a t e l y  r e l a t e d ,  o r  combined such  t h a t  t h e  f o r e c a s t  model i t s e l f  h a s  
m u l t i p l e  c a p a b i l i t i e s .  The d u a l  ph ase  a p p ro a c h  w ou ld  be r e p e a t e d  a s  
f r e q u e n t l y  a s  d a ta  a v a i l a b i l i t y  and  o p e r a t i o n a l  r e q u i r e m e n ts  p e r m i t .
In no ca se  w ould the tim e e v o lu t io n  o f  the atm osphere be r e s t a r te d .  In ­
s te a d , f o r e c a s t s  from th e p r e v io u s  c y c le  w hich have a v a l id  tim e p r io r  
to  the e a r l i e s t  v a l id  tim e o f th e  cu rren t o b s e r v a t io n a l  data  s e t  would 
be used to  i n i t i a t e  the p r o c e s s . The phase I  p o r t io n  o f  the p ro c e ss  has  
s u c c in c t ly  been  c a l le d  con tin u ou s fo u r -d im en sio n a l a s s im i la t io n  o f  o b se r ­
v a t io n a l  d ata  (B en g tsso n , 1 9 7 5 ) .
Due to th e  r o ta t io n a l  and g r a v it a t io n a l  e f f e c t s  o f  the e a r th ,  
the prim ary b a lan ce  betw een th e  mass and wind f i e l d s  fo r  la r g e - s c a le  
h o r iz o n ta l  m otions i s  q u a s i-g e o s  tro p h ic  in  n a tu r e . Superim posed on t h i s  
flow  are  a c o u s t i c ,  g r a v i t a t io n a l ,  and i n e r t i a l  m o tio n s , h e r e a f t e r  r e fe r r e d  
to  as g r a v ity  m o tio n s. The v e r y  h ig h -freq u en cy  p o r t io n  o f  th e  su p er­
imposed m otion  i s  s u p p re s s e d  by d i s s i p a t i v e  f o r c e s  i n  the  a tm o s p h e re .
The lo w - f r e q u e n c y  modes a r e  r e l a t i v e l y  i n s e n s i t i v e  to  t h e s e  v i s c o u s  
f o r c e s  and may be lo n g  l i v e d .  The p r i m i t i v e  e q u a t io n s  ( P . E . ) ,  w hich  
a r e  used  to  model th e  a tm o s p h e re ,  a l lo w  th e  above ty p e s  o f  wave m otion  
e x c e p t  v e r t i c a l l y  p r o p a g a t in g  sound waves ( H a l t i n e r ,  1 9 7 1 ) .  When th e s e  
models a r e  u se d  to  f o r e c a s t  l a r g e - s c a l e  f lo w , th e  g r a v i t y  m o tio n  i s  
commonly r e f e r r e d  t o  a s  " n o i s e "  and  th e  e n e rg y  i t  c o n ta i n s  i s  k e p t  s m a l l  
by f i l t e r i n g  th e  f i e l d s .  Energy  i s  i n p u t  i n t o  th e  h i g h e r  f r e q u e n c ie s  
by bo th  p h y s i c a l  and  f i c t i t i o u s  phenomena. N o n l in e a r  wave i n t e r a c t i o n  
(K ap lin  and P a in e ,  1973) i s  a n  exam ple  o f  a p h y s i c a l  e f f e c t  w h i l e  l a t e r a l  
boundary  c o n d i t i o n s ,  and r o u n d - o f f  and  t r u n c a t i o n  a r e  f i c t i t i o u s  e f f e c t s .  
I f  th e  a m p l i tu d e s  o f  t h e s e  waves a r e  n o t  c o n t i n u a l l y  s u p p r e s s e d  th e  
l a r g e - s c a l e  p a t t e r n s  can  be  d i s t o r t e d ,  d e s t r o y i n g  th e  v a l i d i t y  o f  th e  
f o r e c a s t  o f  l a r g e - s c a l e  f lo w . The h i g h - f r e q u e n c y  c o n t r o l  mechanism i s  
b u i l t  i n t o  th e  f o r e c a s t  scheme so  t h a t  t h e r e  i s  a c o n t i n u a l  q u a s i -  
g e o s t r o p h ic  b a l a n c e  be tw een  th e  mass and m o tio n  f i e l d  a l t h o u g h  i t  i s  
e x t r e m e ly  c o m p l ic a te d  ( 0 k la n d ,  1 9 7 2 ) .  The s u b t l e  b a la n c e  can  be  d e s t r o y e d  
i f  o b s e r v a t i o n a l  d a t a  a r e  i n t r o d u c e d  d i r e c t l y  i n t o  t h e  f o r e c a s t .  T h is  
i s  commonly c a l l e d  t h e  " sh o c k "  e f f e c t  i n  m e te o ro lo g y .  The e n e r g y  i n  the  
h ig h  f r e q u e n c ie s  i s  i n c r e a s e d  d r a m a t i c a l l y  and b e c a u s e  o f  t h e  l a r g e  phase  
s p e e d s ,  th e  e n t i r e  f o r e c a s t  i s  c o n ta m in a te d  q u i t e  r a p i d l y .  The p r o c e s s  
o f  r e s t o r i n g  th e  s t a t e  o f  b a la n c e  i n  th e  m odel,  n o t  n e c e s s a r i l y  i d e n t i ­
c a l  to  th e  o r i g i n a l  s t a t e ,  c a n  t a k e  a c o n s i d e r a b l e  amount o f  t im e  depend­
in g  on th e  d e g re e  and n a t u r e  o f  t h e  im b a la n c e  be tw een  th e  f o r e c a s t  and 
o b s e r v a t i o n s  ( N i t t a ,  1 9 7 1 ) .  The o b s e r v a t i o n s  th e m se lv e s  o r  t h e  o b j e c ­
t i v e l y  a n a ly z e d  v a l u e s  a l s o  a r e  n o t  n e c e s s a r i l y  i n  a  s t a t e  o f  b a l a n c e .  
Thus, b o th  o f  t h e s e  e f f e c t s  c o n t r i b u t e  to  th e  e x c i t a t i o n  o f  t h e  h i g h -  
f r e q u e n c y ,  g r a v i t y  m o tio n .
The mechanism f o r  m a i n t a i n in g  o r  r e s t o r i n g  th e  lo w -f re q u e n c y ,  
q u a s i - g e o s t r o p h i c  b a la n c e  be tw een  p r e s s u r e  and v e l o c i t y  i s  model d e p e n ­
d e n t  and l i e s  a t  th e  h e a r t  o f  d a ta  a s s i m i l a t i o n .  The p r o c e s s  i s  c a l l e d  
geos t r o p h i c  a d ju s tm e n t  and h a s  been  s t u d i e d  t h e o r e t i c a l l y  by many a u ­
th o r s  (R ossby , 1938; B o l in ,  1953; W ash in g to n ,  1964; W il l ia m so n  and D ick ­
i n s o n ,  1 9 7 3 ) .  I t  d e s c r i b e s  th e  dependence  o f  th e  f i n a l  b a la n c e d  s t a t e  
on the  i n i t i a l  s t a t e  and th e  speed  a t  w hich  t h i s  b a l a n c e  i s  a c h ie v e d ,  
dk lan d  (1970) i n v e s t i g a t e d  th e  a d ju s tm e n t  p r o c e s s  f o r  a  l i n e a r i z e d  P .E .  
model t a k i n g  i n t o  a c c o u n t  th e  l i m i t e d  f o r e c a s t  r e g i o n ,  t h e  s p e c i f i c  
f i n i t e - d i f f e r e n c i n g  scheme f o r  h o r i z o n t a l  d e r i v a t i v e s ,  and a  t im e -  
d i f f e r e n c i n g  scheme w hich s e l e c t i v e l y  damps h ig h  f r e q u e n c i e s .  He found 
t h a t  th e  f r e q u e n c y  o f  g r a v i t y  waves was a f u n c t i o n  o f  t h e  C o r i o l i s  param ­
e t e r ,  h o r i z o n t a l  and v e r t i c a l  w a v e le n g th s  o f  th e  p e r t u r b a t i o n s ,  and th e  
s t a t i c  s t a b i l i t y  o f  th e  a tm o s p h e re .  The i n f l u e n c e  o f  th e  i n i t i a l  f i e l d s ,  
mass o r  m o t io n ,  on th e  b a la n c e d  s t a t e  was d e p e n d e n t  on th e  r a t i o  o f  t h i s  
f re q u e n c y  to  th e  C o r i o l i s  p a r a m e t e r .  I n  g e n e r a l ,  t h e  h e i g h t s  tended  to  
a d j u s t  to  th e  w inds f o r  s m a l l  h o r i z o n t a l  s c a l e s  and  l a r g e  v e r t i c a l  s c a l e s  
and more so  f o r  s m a l l  v a lu e s  o f  C o r i o l i s  p a r a m e t e r .  Fo r  m i d - l a t i t u d e s  
and l a r g e  h o r i z o n t a l  s c a l e s ,  t h e  w inds  a d j u s t e d  t o  th e  i n i t i a l  mass f i e l d ,  
w h i l e  f o r  t h e  t r o p i c s  th e  a d ju s tm e n t  d i r e c t i o n  i s  r e v e r s e d .  The d e p e n ­
dence on s t a t i c  s t a b i l i t y  was more c o m p l ic a t e d ,  b u t  th e  p h a se  speeds  
tended  to  i n c r e a s e  a s  th e  s t a b i l i t y  i n c r e a s e d ,  i n d i c a t i n g  t h a t  f o r  h ig h  
s t a t i c  s t a b i l i t y  th e  mass f i e l d  a d j u s t e d  to  t h e  w ind  f i e l d .  In  t r a n s ­
fo rm ing  to  th e  f i n i t e - d i f f e r e n c e  r e p r e s e n t a t i o n ,  th e  s h o r t  w a v e le n g th s  
tended  to  behave  l i k e  th e  l o n g e r  w a v e le n g th s .  T h is  changed  th e  d i r e c t i o n  
o f  the  a d ju s tm e n t  i n  t h a t  t h e  w inds ten d e d  t o  a d j u s t  to  th e  mass f i e l d .  
The speed  o f  a d ju s tm e n t  depended on th e  d i s p e r s i o n  o f  wave en e rg y  away
from the so u rce— the group v e l o c i t y .  For la r g e  phase sp eed s- the group 
v e lo c i t y  was la r g e  and the adjustm ent was ra p id .
Euler-backward tim e d if f e r e n c in g  has been used by many au th ors  
(N itta  and Hovermale, 1969; N it t a ,  1971; Hayden, 1973) to  a c h ie v e  the  
dynamic b a la n c e . T his scheme req u ire s  the con tin u ed  r e in s e r t io n  o f  the  
mass or m otion f i e l d  and can fo r c e  an unn atu ral adjustm ent to  take p la c e .  
I t  damps the am plitude o f  h ig h -fr e q u e n c y  waves q u ite  r a p id ly  but a f f e c t s  
the group v e lo c i t y  v e r y  l i t t l e .  The low -freq u en cy  waves are  a l s o  s i g n i ­
f ic a n t ly  damped through rep eated  a p p l ic a t io n s  o f  the b a ck w a rd -d ifferen ce  
tech n iq u e.
C harney , a l .  (1969) f i r s t  d e m o n s t ra te d  th e  u p d a te  c o n c e p t  
whereby t h e r e  i s  a  s y s t e m a t i c  r e p la c e m e n t  o f  th e  p r e d i c t e d  t e m p e ra tu re s  
by the  o b se rv ed  t e m p e r a t u r e s .  The o b se rv e d  te m p e ra tu re s  a r e  g e n e r a te d  
by a lo n g - te rm  i n t e g r a t i o n  o f  th e  f o r e c a s t  m odel. D i f f e r e n t  i n i t i a l  
c o n d i t i o n s  a r e  u sed  f o r  th e  second i n t e g r a t i o n .  The o b s e rv e d  te m p e ra ­
t u r e s ,  which c o n t a i n  v a r y i n g  amounts o f  random o r  s y s t e m a t i c  e r r o r ,  a r e  
d i r e c t l y  i n s e r t e d  i n t o  th e  second  f o r e c a s t  where a p p r o p r i a t e ;  t h e  c r e a t e d  
g r a v i t y  waves a r e  damped o r  c o n t r o l l e d ,  and th e  i n t e g r a t i o n  c o n t i n u e d .
The r e s u l t i n g  f o r e c a s t  i s  th e n  compared to  a c o n t r o l  f o r e c a s t .  The 
f req u en cy  o f  i n s e r t i o n  can be v a r i e d ,  b u t  i t  must be g r e a t e r  th a n  th e  
model d e p e n d en t  damping p e r io d  f o r  th e  g r a v i t y  waves o r  e l s e  t h e i r  am­
p l i t u d e  w i l l  grow to o  much and th e y  become too  d i f f i c u l t  t o  e l i m i n a t e  
(T a la g ra n d ,  1 9 7 2 ) .  Charney o b se rv e d  a r a p i d  d e c r e a s e  i n  e r r o r s  th e  
f i r s t  day o r  two f o r  a 1 2 -h o u r  i n s e r t i o n  f re q u e n c y .  The e r r o r  th e n  
l e v e l e d  o f f  b u t  was g r e a t e r  when l a r g e r  random e r r o r  was added  to  th e  
o b se rv e d  t e m p e r a tu r e s .  The a d ju s tm e n t  was b e t t e r  i n  h ig h  l a t i t u d e s  th a n  
n e a r  th e  e q u a to r  w here  th e  wind e r r o r  d i d  n o t  f a l l  below  a n  a c c e p t a b l e
l e v e l  i f  th e  te m p e ra tu re  e r r o r  was l a r g e .
The u p d a te  t e c h n iq u e  i s  n o t  c o n f in e d  to  te m p e ra tu re  a lo n e  b u t  
may be a p p l i e d  f o r  any o r  a l l  o f  th e  f o r e c a s t  v a r i a b l e s .  J a s t r o w  and 
Halem (1 9 7 0 ) ,  W il l ia m so n  and K asaha ra  (1 9 7 1 ) ,  Gordon, e t  a l .  (1972) h a v e  
u sed  th e  u p d a te  c o n c e p t  w i th  l o n g - t e r m  model i n t e g r a t i o n .  The p r i n c i p a l  
d i f f e r e n c e s  among th e  p r o c e e d in g  a u th o r s  in v o lv e d  (a )  model c h a r a c t e r i s ­
t i c s ,  (b) v a r i a b l e s  to  be u p d a te d ,  and th e  dom ain and  f re q u e n c y  o f  i n ­
s e r t i o n ,  and (c )  th e  a c t u a l  m ethod u sed  to  a s s i m i l a t e  th e  d a ta  and damp 
th e  g r a v i t y  w aves . The s p e c i f i c  r e s u l t s  a r e  g e n e r a l l y  i n  ag re e m e n t  w i t h  
s im p le  a d ju s tm e n t  th e o r y  and  show th e  need  f o r  w ind  d a ta  i n  th e  t r o p i c s  
to  re d u c e  th e  e r r o r s .  T h is  e r r o r  i n  th e  t r o p i c s  does  i n f l u e n c e  th e  w ind 
e r r o r  i n  th e  e x t r a - t r o p i c s  b u t  o n ly  a f t e r  a few d a y s .
The s o u rc e  o f  th e  a s s i m i l a t i o n  d a ta  can s i g n i f i c a n t l y  a l t e r  th e  
r e s u l t s .  J a s t r o w  and Halem (1973) found t h a t  r e a l  d a t a  l e a d s  to  l a r g e r  
e r r o r s  th a n  s im u la te d  d a t a .  R e c e n t l y ,  Hayden (1973) pe rfo rm ed  te m p e ra ­
t u r e  a s s i m i l a t i o n  e x p e r im e n ts  u s in g  r e a l  d a ta  o v e r  a s h o r t  t im e  p e r i o d  
o v e r  th e  n o r t h e r n  h e m is p h e re  w i t h  th e  E u le r -b a c k w a rd  scheme to  a c h i e v e  
th e  dynamic b a l a n c e .  To f u r t h e r  m in im ize  t h e  s h o c k ,  and to  i n c r e a s e  
th e  speed  o f  th e  c o n v e rg e n c e  o f  th e  dynamic b a l a n c e ,  s t a t i c  b a l a n c in g  
i n  th e  form o f  th e  g e o s t r o p h i c  r e l a t i o n s h i p  was s u g g e s t e d .  The r e s u l t s  
i n d i c a t e d  t h a t  t h i s  method was e f f e c t i v e  i n  r e d u c in g  th e  t e m p e ra tu re  
e r r o r s  and t h a t  th e  d e t a i l s  o f  th e  s u r f a c e  p r e s s u r e  w ere  u n im p o r ta n t  
w i t h  t h i s  p a r t i c u l a r  m odel. G a u n t l e t t ,  2Ë (1 9 7 4 ) ,  em ploy ing  th e  
same t e c h n iq u e s  a s  Hayden, p e r fo rm e d  r e a l  d a ta  a s s i m i l a t i o n  e x p e r im e n ts  
i n  th e  s o u th e r n  h e m is p h e re .  They n o te d  t h a t  v a r i a t i o n s  i n  th e  a s s i m i l a ­
t i o n  f re q u e n c y  p roduced  o n ly  s m a l l  d i f f e r e n c e s ,  b u t  a  tw o-hou r  a s s i m i l a ­
t i o n  f re q u e n c y  r e s u l t e d  i n  s m a l l  b u t  c o n s i s t e n t  im provement i n  s u b s e q u e n t
f o r e c a s t s .  They a l s o  found t h a t  t h e  r e f e r e n c e  l e v e l  p r e s s u r e  a t  th e  
s u r f a c e  i s  n e c e s s a r y  to  m a in ta in  t h e  i n t e n s i t y  o f  th e  s y n o p t i c  s y s te m s .
When s o lv i n g  th e  h y d r o s t a t i c  e q u a t i o n ,  th e  v e r t i c a l  d i s t r i b u t i o n  o f  
p r e s s u r e  can  be d e te r m in e d  w i th  th e  s p e c i f i c a t i o n  o f  one i n t e g r a t i o n  
c o n s t a n t ,  th e  r e f e r e n c e  p r e s s u r e  a t  t h e  r e f e r e n c e  l e v e l .  K asahara  
(1972) d i s c u s s e d  th e  s i g n i f i c a n c e  o f  t h i s  p rob lem .
The c o n c e p t  o f  th e  m utua l  a d ju s t m e n t  o f  th e  v a r i a b l e s  and th e  
need  to  damp unw anted  g r a v i t y  waves i s  why many r e s e a r c h e r s  have  u sed  
th e  E u le r -b a c k w a rd  t i m e - d i f f e r e n c i n g  scheme o r  a v i s c o s i t y  te rm  (Shuman 
and S t a c k p o le ,  1969 ; Sadourny , 1 9 7 3 ) .  T hese  m ethods do n o t  a l lo w  f o r  
v a r i a t i o n s  in  o b s e r v a t i o n a l  o r  f o r e c a s t  a c c u r a c y  o r  f o r  d i f f e r e n t  p h y s i ­
c a l  p r o c e s s e s ,  and  th e y  can  r e q u i r e  a  c o n s i d e r a b l e  amount o f  s im u la te d  
t im e to  a c h ie v e  th e  n e c e s s a r y  im p l ie d  b a l a n c e .
The p r i n c i p l e  o f  v a r i a t i o n a l  o p t i m a l i t y  ( S a s a k i ,  1970b) r e c o g ­
n i z e s  t h e  e x i s t e n c e  o f  o b s e r v a t i o n a l  and  f o r e c a s t  i n a c c u r a c i e s  and 
th ro u g h  p r o p e r  s e l e c t i o n  o f  th e  dynam ic c o n s t r a i n t s ,  t h e  q u a s i - g e o s t r o p h i c  
b a la n c e  i s  a c h ie v e d  " i n s t a n t a n e o u s l y ” . The c u r r e n t  r e s e a r c h  i s  o r i e n t e d  
toward th e  d ev e lo p m en t  and v e r i f i c a t i o n  o f  a  v a r i a t i o n a l  model c a p a b le  
o f  a s s i m i l a t i n g  r e m o te ly  se n se d  d a t a .  S u c c e s s f u l  a s s i m i l a t i o n  (d y n a m ic a l ly  
m a tc h in g  o b s e r v a t i o n s  and f o r e c a s t s )  i s  d e f i n e d  a s  t h e  a b s e n c e  o f  l a r g e  
a m p l i tu d e  g r a v i t y  waves i n  th e  s u b s e q u e n t  f o r e c a s t .
In  th e  n e x t  two c h a p t e r s  th e  m a th e m a t ic a l  and n u m e r ic a l  d e v e lo p ­
ment o f  an i n i t i a l i z a t i o n  and a s s i m i l a t i o n  model c o m p a t ib le  w i th  th e  
s h a l lo w - w a te r  e q u a t i o n s  i s  p r e s e n t e d .  The s h a l lo w - w a te r  e q u a t io n s  a r e  
used  b e c a u se  o f  t h e i r  s i m p l i c i t y  and  th e  a p p l i c a b i l i t y  o f  t h e  r e s u l t s  
to  c e r t a i n  modes o f  m u l t i l a y e r  m o d e ls .  The r e s p o n s e  f u n c t i o n s  f o r  th e
i n i t i a l i z a t i o n  model i s  i n v e s t i g a t e d  showing t h a t  to  p ro d u c e  d y n a m ic a l ly  
c o n s i s t e n t  f i e l d s  a m p l i f i c a t i o n  o f  some w a v e le n g th s  i s  n e c e s s a r y .  The 
a s s i m i l a t i o n  model i n c o r p o r a t e s  th e  p r i n c i p a l  p h y s ic s  o f  t h e  s h a l lo w -  
w a t e r  e q u a t io n s  and a d d i t i o n a l  f i l t e r s  to  s u p p re s s  c o m p u ta t io n a l  e r r o r .  
I n  C h a p te r  IV, th e  r e s u l t s  o f  a  s e r i e s  o f  f o r e c a s t  and  a s s i m i l a t i o n  
e x p e r im e n ts  a r e  p r e s e n t e d .  F i n a l l y ,  a r e a s  f o r  c o n t in u e d  r e s e a r c h  e f f o r t  
a r e  d i s c u s s e d .
CHAPTER I I
FORECAST, INITIALIZATION AND ASSIMILATION MODELS
T w o-d im ensiona l b a r o t r o p i c  m o tio n  i n  an  i n v i s c i d ,  i n c o m p r e s s ib le ,  
h y d r o s t a t i c  f l u i d  w i th  a  h o r i z o n t a l  low er  boundary  and an  u p p e r  f r e e  
s u r f a c e  i s  d e s c r i b e d  by th e  s h a l lo w - w a te r  e q u a t i o n s .  T hese  e q u a t io n s  
when n o n - d im e n s io n a l i z e d  ( se e  Appendix  A) and t ra n s fo rm e d  to  p o l a r -  
s t e r e o g r a p h i c  c o o r d i n a t e s  a r e :
aï + mZ(u + V + m a2^u2+v2)-Ilifv + Ri = Q, (i)
^  +  m ^ u  ^  +  V ^ )  +  m | S ( u2 + v 2 ) + r ^  fu  + R^ = 0 ,  (2)
and  ^  + o f ( $ s  +  $) = 0 .  (3)
The m e t e o r o l o g ic a l  v a r i a b l e s  a r e  sy m b o l iz e d  a c c o r d in g  to  t h e  c o n v e n t io n  
a d o p te d  i n  Appendix A. T h is  sy s te m  d e s c r i b e s  n o t  o n ly  th e  s low  m e te o ro ­
l o g i c a l  p r o c e s s e s ,  Rossby w aves ,  b u t  t h e  f a s t  g r a v i t a t i o n a l  waves which 
move a t  a v e l o c i t y  t h a t  a p p ro a c h e s  th e  sp e ed  o f  sound . T h is  sys tem  a l s o  
shows c o n s i d e r a b l e  s k i l l  i n  p r e d i c t i n g  th e  500 m b - g e o p o te n t i a l  c o n f i g u r a ­
t i o n  in  e x t r a t r o p i c a l  r e g io n s  ( G e r r i t y  and  M cPherson, 1 9 6 9 ) .
In  c o n t in u o u s  form E q s . ( l ) ,  ( 2 ) ,  and (3) s a t i s f y  th e  c o n s e r v a ­
t i o n  o f  t o t a l  e n e rg y
^  f (§m^(u^ +  v^> +  R̂  f )  = 0 ,  (4)
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p r o v id e d  t h a t  the  n e t  t o t a l  f lu x  o f  e n e rg y  p a s s in g  th ro u g h  th e  b o u n d a r ie s  
o f  the  r e g io n  i s  z e r o .  The d e r i v a t i o n  o f  Eq. (4) i s  c o n ta in e d  i n  Appendix 
A.
I n i t i a l i z a t i o n
In  o r d e r  to  i n t e g r a t e  Eqs. (1) -  ( 3 ) ,  i n i t i a l  ( t  = 0) c o n d i t io n s  
f o r  the  d ep en d en t  v a r i a b l e s  must be s p e c i f i e d .  I f  t h e s e  c o n d i t i o n s  a r e  
n o t  p r o p e r ly  s p e c i f i e d ,  l a r g e  a m p l i tu d e  i n e r t i a l - g r a v i t y  waves a r e  ex ­
c i t e d .  In  m idd le  l a t i t u d e s  t h e s e  waves a r e  c o n s id e r e d  to  be  o f  a s c a l e  
s m a l l e r  th an  th o s e  o b s e r v a b le  from th e  p r e s e n t  u p p e r - a i r  n e tw o rk  and , 
th u s ,  a r e  c o n s id e r e d  a s  n o i s e  to  the  l a r g e - s c a l e  f o r e c a s t .  B u t,  due to  
t h e i r  h ig h  phase  s p e e d ,  th e  i n e r t i a l - g r a v i t y  waves can  c o n ta m in a te  th e  
e n t i r e  f o r e c a s t  r e g i o n  q u i t e  r a p i d l y .  A l th o u g h  i t  i s  im p o s s ib l e  to  
s e p a r a t e  d i f f e r e n t  ty p e s  o f  m o tion  when d e a l i n g  w i th  th e  n o n l i n e a r  equa­
t i o n s ,  i t  i s  p o s s i b l e  to  m inim ize  th e  g r a v i t y  m otions  t h r u  p r o p e r  i n i ­
t i a l i z a t i o n  ( P h i l l i p s ,  1960 ) .  The i n i t i a l i z a t i o n  p r o c e s s  f o r  t h i s  f o r e ­
c a s t  model i s  b a sed  on v a r i a t i o n a l  o p t i m i z a t i o n  ( S a s a k i ,  1971) i n  which 
dynamic and o t h e r  s u b s id a r y  c o n d i t i o n s  f o r  th e  s u p p r e s s io n  o f  g r a v i t y  
waves c o n s t r a i n  th e  a n a l y s i s .  The a n a l y s i s  i s  b a sed  upon t h e  c a lc u lu s  
o f  v a r i a t i o n s  which se ek s  to  d e te rm in e  f u n c t i o n s  such  t h a t  a c e r t a i n  
d e f i n i t e  i n t e g r a l  i n v o lv i n g  th e s e  f u n c t i o n s  and t h e i r  d e r i v a t i v e s  t a k e s  
on a maximum o r  minimum (H i ld e b ra n d ,  1 9 6 5 ) .  The a d ju s tm e n t  f u n c t i o n ,
J , i s  exp ressed  by
J = J j  L dV d t ,  (5)
V t
where L i s  th e  L a g ra n g ia n  d e n s i t y ,  and V and t  a r e  th e  s p a c e  and tim e 
domain o v e r  w hich  th e  m in im iz a t io n  i s  s o u ^ t .  The L a g ra n g ia n  d e n s i t y
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i s  composed o f  a s e r i e s  o f  w e ig h te d  te rm s  r e p r e s e n t i n g  th e  c o n d i t i o n s  
to  be s a t i s f i e d .  The f i r s t  l i n e a r  v a r i a t i o n  o f  J  y i e l d s  th e  E u l e r -  
L ag range  o r  a n a l y s i s  e q u a t io n s  p lu s  th e  c o r r e c t  number o f  b o u n d a ry  con ­
d i t i o n s  such t h a t ,  when i t  e x i s t s ,  a u n iq u e  s o l u t i o n  i s  p ro v id e d  ( F o r s y th e  
and Wasow, i 9 6 0 ) .
Benwell and  B r e t h e r t o n  (1968) found t h a t  th e  l i n e a r i z e d  b a la n c e  
e q u a t i o n  was e f f e c t i v e  in  e l i m i n a t i n g  th e  n o i s e  from th e  i n i t i a l  d a t a .
I f  th e  wind com ponents  a r e  n o t  r e p l a c e d  by  th e  s t r e a m f u n c t i o n  g r a d i e n t s ,  
th e  r e s u l t i n g  a n a l y s i s  can  c o n t a i n  a c o n s i d e r a b l e  amount o f  d i v e r g e n c e .  
T h us ,  th e  n o n -d im e n s io n a l  c o n s t r a i n t s  a r e  th e  l i n e a r i z e d  b a l a n c e  e q u a ­
t i o n  and h o r i z o n t a l  n o n - d iv e r g e n c e ,  i . e . ,
?)x ôy
and C m^[ 1 . (7)
The n o n -d im e n s io n a l  a d ju s tm e n t  f u n c t i o n a l  i n c o r p o r a t i n g  t h e s e  c o n s t r a i n t s  
i s  :
J  -  r [ ; ( u - ~ ) ^ + î ( v - 7 ) ^ + ~ ( * - î ) ^  +  V(B)^ + a (C )2 )  (8)i
w here  u ,  v and $ a r e  th e  a n a ly z e d  v a l u e s  s o u g h t ;  u ,  v ,  and  § a r e  th e  
o b s e rv e d  v a l u e s ;  q-, 3 a r e  w e ig h ts  w h ich  a r e  f u n c t i o n s  o f  t h e  in d e p e n d e n t  
v a r i a b l e s ,  and th e  f i r s t  t h r e e  term s a r e  th e  c o n d i t i o n s  used  f o r  m in i ­
m iz in g  th e  v a r i a n c e  o f  th e  d i f f e r e n c e  b e tw e en  th e  a n a ly z e d  and  o b s e rv e d  
v a l u e s .  The Y and A term s a r e  weak c o n s t r a i n t s  w hich  im p ly  t h a t  t h e  
a n a ly z e d  f i e l d s  o f  g e o p o t e n t i a l  and  w ind  do n o t  h av e  to  i d e n t i c a l l y
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s a t i s f y  the  b a la n c e d  o r  n o n - d iv e r g e n t  c o n d i t i o n s .
The w e ig h ts  p r e m u l t i p l y i n g  th e  dynam ic c o n s t r a i n t s  a r e  p r e s p e c i ­
f i e d  and a r e  c o n s t a n t  i n  sp a ce  and t im e .  The o b s e r v a t i o n a l  w e ig h ts  a r e  
p r e s p e c i f i e d  b u t  a r e  n o t  n e c e s s a r i l y  c o n s t a n t .  They may be d e te rm in e d  
from th e  e r r o r  v a r i a n c e s  o f  th e  r e s p e c t i v e  o b s e rv in g  s y s te m s ,  a knowledge 
o f  th e  r e l i a b i l i t y  o r  a c c u r a c y  o f  th e  g r i d  p o i n t  d a t a ,  t h e  d e g re e  o f  
o b s e r v a t i o n a l  damping d e s i r e d  by an  i n v e s t i g a t i o n  o f  th e  r e s p o n s e  f u n c ­
t i o n  (Wagner, 1971) ; th ey  may be  c h o sen  t o  a c c o u n t  f o r  d i f f e r e n t  p h y s i ­
c a l  e f f e c t s  when th e  a n a l y s i s  i s  p e r fo rm e d  o v e r  a w ide ra n g e  o f  l a t i ­
tu d e s  .
The s t a t i o n a r y  v a lu e  o f  th e  f u n c t i o n a l  i s  found by e q u a t i n g  th e  
f i r s t  v a r i a t i o n  to  z e r o .  A q u a d r a t i c  f o r m u l a t i o n  o f  th e  f u n c t i o n a l  i n ­
s u r e s  t h a t  th e  s t a t i o n a r y  f u n c t i o n s  w i l l  be  a minimum ( S a s a k i ,  1 9 7 0 a ) .
I t  i s  w o r th  n o t in g  t h a t  th e  s t a t i o n a r y  f u n c t i o n s  do n o t  im p ly  t h a t  th e  
d e v i a t i o n s  be tw een  th e  a n a ly z e d  and o b s e rv e d  v a lu e s  s u b j e c t  t o  th e  con­
s t r a i n t s  w i l l  be a minimum eve ryw here  i n  th e  domain o r  t h a t  a l l  th e  
d e v i a t i o n s  f o r  e a c h  v a r i a b l e  w i l l  b e  m in im iz e d ,  b u t  o n ly  t h a t  th e  i n t e ­
g r a t e d  sum o f  th e  d e v i a t i o n s  s q u a r e d ,  s u b j e c t  to  th e  c o n s t r a i n t s ,  w i l l  
be a minimum. T h u s ,  f o r  exam ple , i t  i s  p o s s i b l e  to  d r i v e  th e  g e o p o te n ­
t i a l  d e v i a t i o n s  t o  z e ro  o v e r  th e  dom ain , w h i l e  c a u s in g  t h e  w ind  d e v i a ­
t i o n s  to  be m axim ized and  s t i l l  th e  f u n c t i o n a l  i s  a minimum.
The f i r s t  l i n e a r  v a r i a t i o n ,  a s su m in g  th e  s o l u t i o n  i s  s p e c i f i e d  
on th e  b o u n d a r ie s  o f  th e  r e g i o n ,  l e a d s  to  th e  E u le r -L a g ra n g e  o r  a n a l y s i s  
e q u a t io n s  ;
f  <u-~) - + 4 - 1 ^ +
m nyox ay ax
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r)X ny
+ A - ^ + + 4 ]
m r)x a%ay c)x ôy
.  Vf 4 4  -  4  -  f r c t ï ï  -  “  <«>
ày r)x P)y
i m . T > . v . ^ [ 4 + 4 4 + 4 + A ^ . ^ ) i
m f)x i5x ?)y dy
+ r ^  +  ^  = 0 , (11)
'  ax2 %yZ 3*
2 3% >2
w here  V = ( -̂-----J  ) *
r ix  By
The d e r i v a t i o n  o f  t h e s e  e q u a t io n s  i s  g iv e n  i n  Appendix B. In  t h i s  form, 
th e  i n t i m a t e  r e l a t i o n s h i p s  and m a tc h in g s  be tw een  t h e  v a r i a b l e s  a r e  r e a d i l y  
a p p a r e n t .  I n  E q s .  (9) and (10) th e  b a la n c e  c o n s t r a i n t  p r o v id e s  th e  p ro p e r  
r e l a t i o n s h i p  be tw een  g e o p o t e n t i a l  and th e  r o t a t i o n a l  p o r t i o n  o f  th e  p a r ­
t i c u l a r  wind com ponent. The d iv e r g e n c e  c o n s t r a i n t  a f f e c t s  o n ly  th e  d i ­
v e r g e n t  component and  a c t s  a s  a  v i s c o u s  damping term  s i m i l a r  to  t h a t  u sed  
by McPherson and K i s t l e r  (1975) i n  t h e i r  d a ta  a s s i m i l a t i o n  e x p e r im e n t s .  
S in c e  g r a v i t y  modes a r e  m ain ly  a s s o c i a t e d  w i t h  th e  d i v e r g e n t  com ponent, 
i t  i s  p o s s i b l e  to  r e d u c e  t h e i r  e f f e c t  by i n c r e a s i n g  A i n  r e l a t i o n  to  o'.
As the  r a t i o  o f  A/o' becomes l a r g e ,  l e s s  o f  th e  o b s e rv e d  d iv e r g e n c e  i s  
t r a n s m i t t e d  to  th e  a n a ly z e d  w in d s .  I n  th e  l i m i t  a s  A/o “* th e  a n a ly z e d  
w inds a r e  p u r e l y  r o t a t i o n a l  and  may be a s s o c i a t e d  w i t h  a s t r e a m f u n c t i o n .  
T h is  i s  e q u i v a l e n t  t o  s t r o n g  c o n s t r a i n t  w hereby  u and v  a r e  r e p l a c e d  by
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t h e i r  correspond ing  stream fu n ct ion  g r a d ie n ts  in  the adjustm ent f u n c t io n a l .
To determ ine the s p e c tr a l  m o d i f i c a t io n  occu rr in g  in  the a n a ly s i s  
e q u a t io n s ,  the resp on se  fu n c tio n s  f o r  the system o f  eq u a t io n s  are  exam­
in e d .  The image s c a l e  f a c t o r ,  m, and the C o r io l i s  param eter, f ,  are  
assumed con stan t  and equal to one . The r e s u l t in g  a n a l y s i s  eq u at ion s  are
+2  _2L«_ + .  JÜL .  _ _ av_  +  _J%L_ + 0 . (1 4 )
Bx ax ay ay ax axay ayax ay
The assumed continu ous d i s t r i b u t io n s  o f  wind and p r e ssu re  are  g iv en  by
„  = i  0  e  ^ » x  +  my)_  ^ ~ ^ i ( k x  +  my)_
V .  i  V e  K kx + my), V -  i  V e (16)
and  ̂ # e  ̂ +  my),
where U, V, and $ are  the analyzed  wave am p litu d e s ,  1 = / - I ,  and the
t i l d e s  re p r ese n t  the observed or i n i t i a l  wave am p litu d e s .  The symbols
k and m are norm alized wave numbers in  the x  and y d i r e c t i o n  r e s p e c t i v e l y ,
which have been made non-d im ensional by 1 /d ,  where d i s  the d is ta n c e
between gr id  p o i n t s .  The q u a n tity  x  and y are  d i s ta n c e s  measured a lon g
the axes  d iv id ed  by d. The d im ensional wave numbers a r e  g iv e n  by k =
2tt/L and m = 2tt/L , where L and L a r e  the w avelength s  o f  the  wave X y X y °
b e in g  c o n s id e r e d .  The i  p r e m u lt ip ly in g  the  wind components produces a
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90° phase s h i f t  which i s  in  consonance w ith  the g e o s tr o p h ic  wind e q u a t io n s ,  
S u b s t i tu t io n s  o f  Eqs. (15) -  (17) in t o  Eqs. (12) -  (14) g iv e s  
the fo l lo w in g  system  o f  l in e a r  a lg e b r a ic  eq u at ion s:
F U + H V + D $ = E U ,  (18)
H U + G V - C $ = E V  , (19)
and D U - C V + A $ = B $ ,  (20)
where
A .  Ê  + 2^ E -  a
C = kZ G = — +
Y Y
D = mZ H = k m ( ' ^ - 1 )
2 2 
Z = k +  m .
The genera l s o lu t i o n  to  Eqs. (18) -  (20) p rov id es  l i t t l e  i n s i g h t  in to  
the nature o f  the f i l t e r i n g  due to  i t s  c o m p le x ity ,  but some o f  the char­
a c t e r i s t i c s  o f  the f i l t e r i n g  may be found by c o n s id e r in g  s e l e c t e d  c h o ic e s  
o f  the w e ig h ts .  Seven s p e c ia l  c a s e s  a r e  i n v e s t i g a t e d .
Case 1
When O', p »  Y> A and the wave numbers remain f i n i t e ,  the fu n c ­
t io n a l  i s  minimized by the observed v a lu e s  and co n seq u en t ly  there  i s  no 
f i l t e r i n g .
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Case 2
The o th e r  extrem e i s  when th e re  I s  no o b s e r v a t io n a l  c o n s t r a in t ,  
i . e . .  O' = P = 0 .  There are an i n f i n i t e  number o f  s o l u t i o n s  which s a t i s f y  
Eqs. (18) -  ( 2 0 ) .
Case 3
When 3* = Y = 0 and a  = A = 1 ,  the wind a n a l y s i s  i s  c o n str a in e d  
by n on -d ivergen ce  o n ly  and equal w e ig h t  i s  p laced  on the  o b s e r v a t io n a l  
and dynamic c o n s t r a i n t .  For t h i s  c a s e ,  Eqs. (18) -  (20) reduce to
u = ' '  (21)
and V .  Z V  U _ (22)
These equation s  show th a t  the f i l t e r i n g  c h a r a c t e r i s t i c s  a r e  n o n - i s o t r o p i c .  
As the w avelength  In  the  y d i r e c t i o n  i n c r e a s e s ,  i . e .  m -• 0 ,  the v component 
i s  n o t  f i l t e r e d ,  V "*V, and the  f i l t e r i n g  o f  the  u component i s  a f u n c t io n
o f  the wavenumber in  the  x d i r e c t i o n  o n ly .  As k "* 0 ,  j u s t  the  r e v e r s e
~  ~  2 
o c c u r s ,  i . e . ,  U U and V -• V / (1 + m ) . Phase s h i f t s  and n e g a t iv e  r e ­
sponse v a lu e s  r e s u l t  fo r  sm all  v a lu e s  o f  m and k i f  i t  i s  assumed th a t  
U = V = 1 . F igure  l a  shows the r e sp o n se  fu n c t io n  fo r  = 4 3 8 1 .5  km,
(m = .2 7 3 1 8 ) ,  and v a r io u s  w a v e len g th s  in  the  x - d i r e c t i o n .  The damping 
o f  the i n i t i a l  am plitude  fo r  the u component i s  la r g e  fo r  sh o r t  wave­
le n g th s  and d e c r e a s e s  as  i n c r e a s e s .  The damping o f  the  i n i t i a l  v -  
component shows v e r y  l i t t l e  dependence on w ave len gth  i n  the  x d i r e c t i o n .  
F igu re  lb  shows the resp onse  f u n c t io n  fo r  k = ,27318  and v a r io u s  v a lu e s  
o f  L^. The resp on se  v a lu e s  a r e  j u s t  the r e v e r s e  o f  F ig .  l a ,  i . e . ,  R(m = 
.27318 , U) = R(k = .2 7 3 1 8 ,  V) where R i s  the f u n c t io n a l  v a lu e  o f  Eqs.
(21) and (2 2 ) .
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Case 4
When q' = 3 = A  = Y = 1> which im p l ie s  th a t  equal w e ig h t  i s  p laced
on the o b s e r v a t io n a l  and dynamic cons t r a i n t s , Eqs. (18) -  (20) reduce to
F U + D $ = E U , (23)
G V - C i = E V , (24)
and D b - C V 4- A £  = B £  . (25)
In  t h is  case the c r o s s  d e r iv a t i v e  terms o f  the wind components in  the u 
and V a n a ly s i s  e q u a t io n  i d e n t i c a l l y  c a n c e l .  For example, i n  the u a n a ly s i s  
e q u a t io n ,  Eq. ( 1 2 ) ,  the c r o ss  d e r i v a t i v e  o f  v from the n on -d iv e rg e n c e  
c o n s tr a in t  c a n c e ls  w ith  the c r o ss  d e r i v a t i v e  o f  v  from the  ba lanced  con­
s t r a i n t  (H = 0 ) .  The s o lu t i o n  o f  Eqs. (23) -  (25) i s :
U = U (F + 2% +  p2) -  D F I  - D C V  ̂ (gb)
F ( F  +  Z^)
^  2 2 y  'w
V (F + Z + C ) + F C I  -  D C UV = "  ■ "  "  / "  :  , (27)
F (F +  Z )
and 1  = ^  f  + C V -  D Ù _ (28)
F + Z
where F = G.
S u r p r i s in g ly ,  th ese  s o l u t i o n s  show n o n - i s o t r o p ic  f i l t e r i n g  char­
a c t e r i s t i c s  w ith  a m p l i f i c a t io n  (R > 1) and 180° phase s h i f t s  (R < 0) for  
c e r t a in  w a v e le n g th s .  As m -♦ 0 ,  the f o l lo w in g  r e l a t i o n s h i p s  h o ld :
" (29)
(1 +  k^)
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V -  , (30)
(1 +  k + k )
,  ^  . (31)
(1 +  k^ +  k^ )
The f i l t e r i n g  Implied by Eq. (29) r e s u l t s  on ly  from the non- 
d iv e rg e n c e  c o n s t r a in t  as shown in  Case 3 .  In  Eq. (30) the p o s i t i v e  
dependence on le a d s  to  a m p l i f i c a t io n .  For equal i n i t i a l  u n i t  am pli­
tudes o f  V and ^ the response  fo r  V i s  g r e a te r  than 1 fo r  sh o r t  wave­
le n g th s  and independent o f  w avelength  fo r  low wavenumbers. Eq. (31)  
a c t s  as a very  e f f e c t i v e  low pass f i l t e r  and i t s  response  i s  s im i la r  to 
th ose  der ived  by Wagner (1971) u s in g  f i r s t  and second d e r iv a t i v e  con­
s t r a i n t s  on ly .
At the o th e r  extrem e, a s  k -* 0
U  -  f  1 , (32)
(1 + m + m )
V -   , (33)
(1 + m^)
and # -  <1 -H I -  Ù  ̂ (34)
(1 + mT + m )
In Eq. (3 2 ) ,  the  n e g a t iv e  dependence o f  $ l e a d s  to  damping i n  a l l  wave­
le n g th s ,  w h ile  Eq. (33) r e s u l t s  e n t i r e l y  from n o n -d iv e rg e n c e .  At sh o r te r  
w av e le n g th s ,  Eq. (34) lea d s  to  a phase s h i f t  in  the an a lyzed  g e o p o t e n t ia l .  
F ig s .  2a - 2c show the response fu n c t io n  fo r  u n i t  i n i t i a l  am plitudes and 
v a r io u s  w a v e le n g th s ,  and confirm s the above a n a l y s i s .
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Case 5
We c o n s id e r  y »  a  and A, and g  ̂ V. This r e p r e s e n t s  a fu n c t io n a l  
composed o f  an o b s e r v a t io n a l  c o n s tr a in t  on g e o p o t e n t ia l  and the balance  
c o n s t r a i n t .  Eqs. (18) -  (20) reduce to
U - k V  + Z $  = 0 ,  (35)
and Z U - k Z V + ( - + Z ^ ) $ = - $  (36)
' y y —
which im p l ie s  = j) and U or V must be s p e c i f i e d .  I f  Y »  a ,  8 f  y and
Y = A, the s o lu t io n  i s  the  g e o s tr o p h ic  wind e q u a t io n ,  i . e . ,
1 = 1 .
U = -m_$ , (37)
and V = k $ .
Thus th ere  e x i s t s  a unique s o lu t i o n  to  the  a n a ly s i s  e q u a t io n s  fo r  t h is  
case  on ly  when the n on -d ivergen ce  c o n s t r a in t  i s  in c lu d ed  and i t s  w eight  
i s  approxim ately  eq u a l  to  y.
Case 6
I f  V »  8 and A, and O' = Y, the s o l u t i o n  reduces  to
U = U ,
V = V , (38)
k V - m U and $ = ------- --------  .
The b a la n c e d  c o n s t r a i n t  p r o v i d e s  no f i l t e r i n g  on t h e  w i n d s .  The f i l t e r ­
i ng  on g e o p o t e n t i a l  i s  a n i s o t r o p i c  w i t h  a 180° pha se  s h i f t  f o r  sm a l l  
wave numbers i n  t h e  x  d i r e c t i o n  ( F i g .  3 a ) .  The g e n e r a l  sha pe  o f  the
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response  fu n c tio n  appears a s  a broad bandpass f i l t e r  w ith  the minimum 
damping occurring  near k = .69813 fo r  m = .2 7 3 1 8 .  F ig s .  3a and 3b 
g r a p h ic a l ly  show th ese  c o n d i t io n s .
Case 7
The f i n a l  ca se  to  be in v e s t ig a t e d  i s  s im i la r  to Case 6 e x c ep t  
th a t  7 = A. Any f i l t e r i n g  on the i n i t i a l  wind components r e s u l t s  from 
the non-d ivergence  c o n s t r a in t .  Eqs. (18) - (20) reduce to
( 2  + Z) U + m Z $ = ^ U  , (39)
( ^ + Z ) V - k Z $ = ^ V  , (40)
and mU - k V  + Z ^  = 0 .  (41)
Eqs. (39) - (41) can be w r i t t e n  as
— 2 ~
U = u Z( Y + m .) - m k Z _V ^
Z( ^  + Z)
V Z ( v + k )  - k m Z U (43)
Z( 2  + Z)
k V -  m Uand $ =     . (44)
As expected  the response  o f  the g e o p o t e n t ia l  i s  u n a f fe c te d  by the  non­
d iv erg en ce  c o n s tr a in t ,  i . e . ,  the g e o p o t e n t ia l  i s  determ ined by the r o ta ­
t io n a l  p o r t io n  o f  the w ind. The f i l t e r i n g  on the wind components i s  
s im i la r  to  that in  case  3 m od if ied  by the r a t i o  o f  or /  y  • F ig u res  4a
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and 4b show the response  fu n c t io n  for  u n i t  i n i t i a l  am p litu d es  and v a r i ­
ous r a t i o s  o f  & /  y.
The s p e c t r a l  m o d if ic a t io n s -p h a s e  s h i f t s  (R < 0 ) ,  a m p l i f i c a t io n  
(R > 1) and a n i s o t r o p ic  f i l t e r i n g - a r e  a consequence o f  the dynamic match­
ing o f  the v a r i a b l e s .  They do not occur when o n ly  a s i n g l e  v a r ia b le  i s  
c o n s tr a in e d  by f i l t e r s  or s im p le  l i n e a r  e q u a t io n s .  P h y s i c a l l y ,  the modi­
f i c a t i o n s  are  ex p e c te d .  For example, when the  v o r t i c i t y  or d iv erg en ce  
f i e l d s  a r e  c a lc u la t e d  from r e l a t i v e l y  smooth wind f i e l d s  the sh o r t  wave­
len g th  components are m a g n if ie d .  This phenomenum e x i s t s  when any grad­
i e n t  q u a n t i ty  i s  d e r iv e d .  Thus, to  d ynam ica lly  match v a r ia b le s  i t  may 
be n e c e ss a r y  to am p lify  some w avelengths to  o b t a in  o v e r a l l  s a t i s f a c t i o n  
o f  the c o n s t r a i n t s .  In t h i s  d i s c r e t e  c a s e ,  a d d i t io n a l  problems a r i s e  
because o f  the f i n i t e  r e p r e s e n t a t io n  o f  the d i f f e r e n t i a l  o p era to rs  and 
the i n a b i l i t y  to r e s o lv e  components l e s s  than tw ic e  the  g r id  spacing  
(which corresponds to th e  N yq u ist  fre q u en cy ) .  This a m p l i f i c a t io n  can 
be c o n t r o l l e d  e x p l i c i t l y  by the a d d i t io n  o f  lo w -p a ss  f i l t e r  c o n s tr a in t s  
to the fu n c t io n a l  (S a s a k i ,  1970b) .
V a r ia t io n a l  A s s im i la t io n  Model 
New data should be a s s im i la t e d  such th a t  d i s c o n t i n u i t i e s  do not  
r e s u l t  between reg ions  where th e re  i s  new data  and o th e r  r e g io n s .  The 
e n t i r e  data s e t ,  f o r e c a s t  and ob served , must r e f l e c t  the p h y s ic s  i n c o r ­
porated in t o  the f o r e c a s t  model in  order to  m a in ta in  the n e c e ssa r y  
dynamic b a la n c e .  The n o n l in e a r  ba lance e q u a t io n  has been used as  a 
s tr o n g  c o n s tr a in t  by H a l t in e r ,  eh a l .  (1975) a s  an i n i t i a l i z a t i o n  and 
a s s i m i l a t i o n  techn ique fo r  a g lo b a l  p r im i t iv e -e q u a t io n  model. For the  
f o r e c a s t  model p resen ted  i n  Chapter I I ,  the l i n e a r i z e d  b a lan ce  eq u at ion
22
(6)  and
D ' + V +  1 =  ) .  0 (45)
do r e f l e c t  the p h y s ic s  when used as  weak c o n s t r a i n t s .
The non -d im en sion a l adjustm ent f u n c t io n a l  in c o r p o r a t in g  Eqs. (6)  
and (45) as c o n s t r a i n t s ,  i . e . ,  the v a r ia t i o n a l  a s s i m i l a t i o n  model, i s
{^(u-u)^  + a ( v - v ) ^ + p ( $ - 1 ) ^ + Y ( B ) ^  + 'Il(D)^} , (46)
t R ™
where the y term i s  s i m i l a r  to  th a t  in  the i n i t i a l i z a t i o n  f u n c t io n a l .  
The o b s e r v a t io n s ,  denoted  by the  t i l d e s ,  are  e i t h e r  the f o r e c a s t  v a lu e s  
o r ,  where a v a i l a b l e ,  observed  v a lu e s .  The w e ig h t s  p r e m u lt ip ly in g  the  
o b s e r v a t io n a l  c o n s t r a in t s  are  a d ju sted  to  r e f l e c t  the  p resen ce  o f  
observed  d a ta .  The T| term i s  a weak c o n s tr a in t  s im i la r  to  th a t  used by 
McFarland (1975) in  h i s  a s s i m i l a t i o n  o f  tem peratu re . The f i r s t  v a r i a ­
t io n  o f  Eq. (46) y i e l d s  the  a s s i m i l a t i o n  e q u a t io n s :
- ^ ( v - v )  + + . (48)
-% ($-3) + Y( ^  ^  ) - 11 ( - 4  ~  + + ^ ^ ^ )  = 0 .  (49)
Tlie in te g r a te d  c o n t in u i t y  e q u a t io n  (45) p rov id es  a double feedback in t o  
the wind a n a ly s i s  e q u a t io n s .  These are  (1) the a d v e c t io n  e f f e c t  (grad ­
i e n t  o f  g e o p o t e n t i a l ) ,  and (2) the d iv erg en ce  e f f e c t  ( th e  l a s t  term in
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Eqs. (47) and ( 4 8 ) .  To suppress temporal and s p a t i a l  d i s c o n t i n u i t i e s  
(S a s a k i ,  1970b), and, as seen  in  the p rev iou s  s e c t i o n ,  to  c o n tr o l  the  
sp u r iou s  a m p l i f i c a t io n  o f  sh o r t  w a v e le n g th s ,  a d d i t io n a l  low -p ass  f i l t e r s  
a r e  added to the f u n c t io n a l  Eq. (4 6 ) .  The f i l t e r s  are e a s i l y  added to  
the a n a l y s i s  eq u at ion s  and have the fo l lo w in g  form
-  \ i  4
for  f i r s t  d e r iv a t i v e  c o n s t r a i n t s ,  and
4
, a V ( 5 1 )
v i  . 44Xi
for  second d e r iv a t i v e  c o n s t r a i n t s ,  where and are  p r e s p e c i f i e d  
w eig h ts  which can be in c re a se d  in  v a lu e  i f  the s o lu t i o n  has a tendency  
to  d iv e rg e  (S a s a k i ,  1970b). V r e p r e s e n t s  any dependent v a r i a b l e ,  u , v ,  
1, and i s  any independent v a r ia b le .
Tlie i n i t i a l i z a t i o n  and a s s i m i l a t i o n  a n a l y s i s  e q u a t io n s  are  
so lv e d  as  boundary va lu e  problems by the  num erical methods d esc r ib e d  
in  the n e x t  ch a p ter .  The s p e c i f i c  f i n i t e - d i f f e r e n c e  form ulation  for  
the f o r e c a s t  eq u at ion s  i s  a l s o  d e r iv e d  in  Chapter I I I .
CHAPTER I I I  
NUMERICAL METHODS
In order to  o b t a in  s o lu t i o n s  to the models p r e sen te d  in  Chapter 
I I ,  i t  i s  n e c e ssa r y  to r e p la c e  the continuous p a r t i a l  d i f f e r e n t i a l  equa­
t io n s  by a system o f  f i n i t e - d i f f e r e n c e  e q u a t io n s .  The f i n i t e - d i f f e r e n c e  
approxim ations to  the d e r i v a t i v e s  are  ob ta in ed  by expanding the unknown 
fu n c t io n  in  a convergen t power s e r i e s  ( u s u a l ly  a Taylor s e r i e s )  about  
an a r b i t r a r y  p o in t  in  the domain. The s e r i e s  may be tru n cated  a t  any 
term. The order o f  magnitude o f  the tru n c a t io n  er ro r  i s  determ ined by 
the magnitude o f  the f i r s t  term a f t e r  the tr u n c a t io n .  In g e n e r a l ,  the  
h ig h e r  the order o f  the t r u n c a t io n  e r r o r ,  the more a c c u r a te  the f i n i t e -  
d i f f e r e n c e  approxim ations (H a l t in e r ,  19 7 1 ) .
The i n t e g r a t io n  scheme used fo r  Eqs. (1) - (3) i s  based on 
Grammeltvedt's scheme F (1 9 6 9 ) ,  the q u ad ra tic  c o n s e r v a t iv e  a d v e c t iv e  
scheme. This form o f  the f i n i t e - d i f f e r e n c e  eq u a t io n s  co n serv es  t o t a l  
momentum in  the n o n l in e a r  terms but does not con serve  t o t a l  energy . To 
d e r iv e  the f i n i t e - d i f f e r e n c e  e q u a t io n s ,  the f o l lo w in g  sum and d i f f e r e n c e  
op era tors  are d e f in e d :
+ y )  -  a ( x ^  -  ’ (52)
— x 1
X 2
and \  " 2Â (*(%i + A) -  a(x^ -  &)] , (54)
24
25
where cy i s  any dependent v a r ia b le ,  i s  any independent v a r ia b le  and 
A i s  the h o r iz o n ta l  g r id  spacin g  or time increm en t. Eq. (54) i s  the
c e n t r a l - d i f f e r e n c e  approxim ation w ith  t r u n c a t io n  error  o f  the order o f
2
A . Using the d e f i n i t i o n  above, Eqs. (1) - (3) are  w r i t t e n  as fo l lo w s ;
_ x
_ t  9 —X _ x  — y —y —X — y  ̂ . 9
Uj. + m [ (u  u )^ + (v u )y  - u(u^ + V y)]  + K m̂
- X  , ,
- fv + = 0 , (55)
m" [ ( û " v ’' ) ^  + ( v ’' v > ' ) y  -  v ( Û ; +  ) ]  + K’ y
- y  , ,
+ R. fv  + R. $ = 0  (56)1 1 y
(57)
— t 2 — X — X — y — y
and $^ + m [ (u  § )^  + (v $ ) ]  = 0 ,
2 2
where K' = ( - — v  ) .
When s o lv in g  Eqs. (55) - (57) the time and space  increm ents must be chosen  
such that the scheme remains com p u ta t io n a lly  s t a b l e ,  i . e . ,  there  i s  no 
spur ious  a m p l i f i c a t io n  o f  any w a v e le n g th s .  For a s im ple  one-d im en sion a l  
model, a s u f f i c i e n t  c o n d i t io n  for  a s t a b le  i n t e g r a t io n  scheme i s  C At/Ax 
< 1 , where C i s  the l a r g e s t  phase speed a l lo w ed  by the model ( H a l t in e r ,  
1971) .
C onditions for  com putational s t a b i l i t y  for  the b a s ic  model may 
be found by l i n e a r i z i n g  the e q u a t io n s ,  assuming m i s  a c o n s ta n t  equal  
to one, and assuming p e r io d ic  s o lu t i o n s  f o r  the dependent v a r i a b l e s .
The non-d im ensional l i n e a r i z e d  e q u at ion s  are :
26
_ t  _ y  _ x
u' + U u' + V u' -  R, f  v '  + R. $' = 0 , (58)
t  X y  1 1  X
t  X V
_ t  _  X _ y  _ x  _ y
and 4' + U *' + V $' + $ (u' + v ' ) = 0 , (60)
t X y  S X  y
where the v a r ia b le s  are decomposed in t o  a b a s ic  s t a t e  p lu s  p e r tu r b a t io n s ,  
i . e . ,
u -• U + u'  ,
V -* V + V ' ,
and s
The product o f  p e r tu rb a tio n  q u a n t i t i e s  (denoted by the primes) have been  
n e g le c t e d .
Assuming the s p a t i a l  d i s t r i b u t i o n  i s  rep r ese n te d  by a t r ig o n o ­
m etr ic  s e r i e s  and co n s id er in g  o n ly  a s i n g l e  harmonic o f  t h i s  Fourier  
s e r i e s  r e p r e s e n t a t io n ,  the p e r tu r b a t io n  v a r ia b le s  are  e x p r e sse d  as  (sup­
p r e s s in g  the p r im e s ) ,
u^  ̂ = u" e x p [ i(k r A x  + msAy) (61)
where k and m are wave numbers in  the x and y d i r e c t i o n ,  r e s p e c t i v e l y ,  r
and s are  g r id  p o in t s .  Ax and Ay a r e  gr id  sp ac in g  and n r e f e r s  to  the
time s t e p .  S im ila r  e x p r e ss io n s  h o ld  fo r  v'  ̂ and . To e l im in a t e  thers rs
s p a t i a l  dependence in  Eqs. (58) -  ( 6 0 ) ,  the fo l lo w in g  s e r i e s  o f  i d e n t i t i e s  
are u s e f u l :
27
X
. n . 1 , n n .
" r s  ^  26% " r + l , s  " r - l , s
n
r , s  , -ikA x -ikAx^ 
-  « )
nu
(2 i  s  i n  (kAx))
(62)
2ax
nu (2 i  s i n  (kAx))
A s im i la r  e x p r e s s io n  i s  v a l i d  fo r  the y  d e r i v a t i v e s .  Thus, the  r e s u l t in g  
eq u at ion s  are
u"^^ = u""^ + (UA + VB)u" + D v" + = 0 , (63)
+ (UA + VB)v" -  D u "  + = 0 , (64)
and = <î"'^ + (UA + VB)$" + $ A u" + $^Bv" = 0 , (65)
where
A = -2  i  s i n  (kAx) ,
B = - 2 ^  i  s i n  (tnAy) ,
D = 2 A t  f  ,
E = A ,
and  F = B .















n - l !
(66)
where G i s  the a m p l i f i c a t io n  m atrix
G =
L -D E 1 0 0
D L F 0 1 0
$ As $ B s L 0 0
1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
and L = UA + VB. The e ig e n v a lu e s ,  X, o f  the m atr ix  G are  found from 
the r o o ts  o f  the c h a r a c t e r i s t i c  e q u a t io n
d et  (G - X I )  = 0 , (67)
where det  r e p r e s e n ts  the determ inant and I i s  the  i d e n t i t y  m atr ix .
The c h a r a c t e r i s t i c  eq u at ion  i s
rX(L - X) +  1”! = X J r i  +  (L - x ) x ]  , ( 68)
where = if R^(A^ + B^) - D^.
Tlie two s e t s  o f  unique r o o ts  to t h i s  eq u at ion  are  ( I r v in e  and Houghton, 
1971)
X = CL - .J ) . - [(L._-.  ̂ (69)
29
and
X = -  ~ . (70)2
The von Neuman n e c e s s a r y  c o n d i t i o n  f o r  s t a b i l i t y  i s
1 \  1 < 1 + 0 ( A t )  ,
where X, i s  the a b s o lu te  v a lu e  o f  each o f  the k e ig e n v a lu e s  o f  G. The k
term 0(At) i s  read terms o f  f i r s t  order in  At and can permit e x p o n e n t ia l  
growth o f  the s o lu t i o n  o f  the d i f f e r e n c e  e q u a t io n ,  when l e g i t i m a t e ,  in  
accordance w ith  the o r i g i n a l  d i f f e r e n t i a l  eq u at ion  (H a l t in e r ,  19 7 1 ) .
Eq, (69) i s  more r e s t r i c t i v e  than Eq. (70) and i s  used to  d e r iv e  c o n d i­
t io n s  for X^. I f  (L + J) > / - 4 ,  then |x | > 1 fo r  a l l  k and m. Expanding 
(L + J) g iv e s
UA + VB + (R $ (A  ̂ + B^) -  . (71)
S u b s t i t u t i n g  f o r  t h e  maximum v a l u e  o f  t h e  s i n e  and f u r t h e r  a l g e b r a i c  
m a n i p u l a t i o n  r e s u l t s  i n
r  R, f  Ax 2
ru + V  i / i ;  / 2 Rj  + ( - — ) ] <  1 , (72)
where &x = Ay. Once Ax and are  s p e c i f i e d  and upper bound e s t im a t e s  
fo r  U and V are  made, t h i s  e q u a t io n  can be so lv e d  fo r  At. S in ce  the  
above a n a ly s i s  i s  v a l i d  o n ly  fo r  the l in e a r  c a s e ,  a sm a ller  At i s  nor­
m ally  used for the n o n l in e a r  eq u a io n s .
Another form u la tion  o f  the f i n i t e - d i f f e r e n c e  e q u a t io n s  which i n ­
v o lv e s  c o n s id e r a b le  n o n l in e a r  smoothing i s  the semi-momentum form o f  
Shuman (1 9 6 2 ) .  The scheme i s  w r i t t e n  as:
30
________________________________ xy
xy y_ t  ~2 _ x y _ y  _  xy _  X _ y  _ x y _ x y  _  x y —r
u. + Fm (u u + v  u ) + R t $ - R ,  f  V + m 1 = 0 ,  (73)t -  X y l x l
xy
xy xy X
t _ x y _ y  _ x y _ x  _ y  _ x y _ x y  -  ^
r + f m  (u v + v  v ) + R i $ + R - f  u + K  m ] = 0 , (7 4 )t  X y l x l  ' '
and xyxy
_ t  —2 _ x y _ y  _ x y _ x _ y  x
+ Fm (u $ + v  $ ( u + v ) ] = 0 ,  (75)t X x y   ̂ '
These e q u a t i o n s  r e s u l t  f rom r e p e a t e d  a p p l i c a t i o n s  o f  Eqs.  (52) and ( 5 3 ) .  
Th is  complex a v e r a g i n g  p r o c e s s  may be reduced  t o  a s e r i e s  o f  s im p le  p r o ­
c e d u r e s .  The uppe r  most  o v e r b a r s  a r e  s im p le  a v e r a g e s  and a r e  communat ive,  
i . e . ,
 xy _  xy _  xy
A + B = A + B 
where A and B a r e  any  a v e r a g e d  o r  d i f f e r e n c e d  q u a n t i t i e s .
_ x y
R e f e r r i n g  to  F i g .  5 ,  A^ = %(A^g + A^^ + A^^ +  A^g). To d e t e r ­
mine the  v a l u e  o f  A^^, f o r  example,  t h e  f o l l o w i n g  fo rm u la s  a r e  n e c e s s a r y ;
_ x y
Aio = %(Ai + Ag + Ag + A^) ,
and (A^q) 2Ay ^^5 ^ *4 " *1 " *2^
S i m i l a r  e x p r e s s i o n  e x i s t s  f o r  A^^, A^g, and A^^.
Through p r o p e r  i n i t i a l i z a t i o n ,  t h e  i n t e g r a t i o n  o f  t h e  f o r e c a s t  
e q u a t i o n  i s  begun w i t h  o n l y  low f r e q u e n c i e s  i n  t h e  a d v e r t i n g  v e l o c i t y ,  
b u t  the  n o n l i n e a r  c e n t e r e d - d i f f e r e n c e  e q u a t i o n s  w i l l  e v e n t u a l l y  d e v e lo p  
l a r g e - a m p l i t u d e ,  t em pora l  h i g h - f r e q u e n c y  c o m p u t a t i o n a l  modes t h r u  non-
31
l i n e a r  i n t e r a c t i o n s ,  R o b e r t , ^  a_l. (1970)  i n v e s t i g a t e d  t h i s  phenomena 
f o r  a o n e - d i m e n s i o n a l  p rob lem.  They d e v e lo p e d  a t e c h n i q u e  whereby  th e  
h i g h  f r e q u e n c i e s  were  s u p p r e s s e d  r e s u l t i n g  i n  a s t a b l e  i n t e g r a t i o n .
P o l g e r  (1971) ex te nde d  the  t h e o r y  to  two d i m e n s io n s .  The d e v i c e  t o  c on ­
t r o l  the  h i g h  f r e q u e n c i e s  i s  t o  a v e r a g e  th e  a d v e c t i v e  c o e f f i c i e n t s  o f  
t h e  n o n l i n e a r  t e r m s .  I t  i s  c a l l e d  t h e  " s t a r "  o p e r a t o r  and i s  d e f i n e d  
a s  ( ) ^ %[( ) ^  ^ + ( ) " ] ,  wh ich s im p ly  a v e r a g e s  t h e  p r e s e n t  and immedia te
_ x y
p a s t  t ime s t e p s  f o r  a g iv e n  f u n c t i o n .  Thus,  i n  Eqs.  (73) and (74) u
_  xy _  xy
and V a r e  r e p l a c e d  by u and v*
N e i t h e r  f o r e c a s t  scheme c o n s e r v e s  t o t a l  e n e rg y  a l t h o u g h  t h e  con ­
t i n u o u s  sys tem does a s  seen  i n  Eq. ( 4 ) .  R e c e n t l y ,  S a s a k i  (1975)  de v e lo p e d  
from a v a r i a t i o n a l  approach  a s im p l e  method to  f o r c e  t h e  f i n i t e - d i f f e r e n c e  
e q u a t i o n s  to  c o n s e r v e  t o t a l  e n e r g y  and t o t a l  mass .  The f i n i t e - d i f f e r e n c e  
a n a lo g u e  to  t h e  e n e r g y  c o n s e r v a t i o n  e q u a t i o n  i s
TE = 6x 6y Z [ [ # " . - ^ ( ( u ^ t ^ ) ^ 4 - ( v " ' ! ' ^ ) ^ )  + - T° = 0 , (76)
 ̂J ^  ̂J   ̂J J m
where  T° i s  the  v a l u e  i n i t i a l l y ,  i . e . ,  n  = - 1 .  At s u b s e q u e n t  t im e  s t e p s  
(n > 0) t h e  f o r e c a s t  v a l u e s  a r e  a d j u s t e d  (m od i f i ed )  so  t h a t  Eq. (76)  i s  
a lw ays  s a t i s f i e d .  The deve lo pm en t  o f  t h e  a d j u s t m e n t  e q u a t i o n s  i s  g i v e n  
i n  Appendix C.
The c o n s e r v a t i o n  o f  t o t a l  mass i s  i n s u r e d  by c a l c u l a t i n g  t h e  
t o t a l  mass a t  each  f o r e c a s t  t ime  s t e p ,  d e t e r m i n i n g  th e  d i f f e r e n c e  be tw een  
t h i s  v a l u e  and the  i n i t i a l  v a l u e  o f  mass ,  n o r m a l i z i n g  t h i s  d i f f e r e n c e  by 
the  t o t a l  a r e a  and a d j u s t i n g  ea ch  g r i d  p o i n t  by th e  n o r m a l i z e d  d i f f e r e n c e ,  
i . e . ,
32
~  n+1 ^ o
( % ( -  T. ^  )
^n+1 ^ ~  n+I _ _ j j  m ---------------------------  ̂ ( 77)
m
In  s o l v i n g  th e  i n i t i a l i z a t i o n  e q u a t i o n s  (9) - (11) o r  t h e  a s s i m i ­
l a t i o n  a n a l y s i s  e q u a t i o n s  (47) - (49) as  bounda ry  v a l u e  p rob le m s  the  
c o n t i n u o u s  d i f f e r e n t i a l  o p e r a t o r s  a r e  r e p l a c e d  by c e n t e r e d  f i n i t e -  
d i f f e r e n c e  o p e r a t o r s  a s  d e f i n e d  i n  Appendix D. Thus Eqs.  ('47) - (49) 
a r e  w r i t t e n  as
-A-,7 u -  A. 9 u - A_9  ̂ u + A u -  A 7 u  -  A ,7  u + A = 0 (78)1 XX 2 yy 3 t t  4 5 y  o x  7
- '‘2’yy'' - + V  - - W  + - 0 , (79)
and
- 6̂ - S'“ " ’yt>*-'=lo\y* <80)
2 2
where A. = T & m + Y1 ' s us
A3 = \ i t  '
= ( - ^  -  Y f  -  Yf Vyf +  T] m^(7^^)^  -  T]
-  'Tl $ s  ^ x  ^  ^ x  ’
32
~  n+1 ~  o
( Z ( - Z ^  )
l^n+l ^ ~  n+1 _  m- U _ E ---- , ( 7 7 )
m
In  s o l v i n g  th e  i n i t i a l i z a t i o n  e q u a t i o n s  (9) - (11)  o r  the  a s s i m i ­
l a t i o n  a n a l y s i s  e q u a t i o n s  (47) - (49) as  boundary  v a l u e  p rob lem s  the  
c o n t i n u o u s  d i f f e r e n t i a l  o p e r a t o r s  a r e  r e p l a c e d  by c e n t e r e d  f i n i t e -  
d i f f e r e n c e  o p e r a t o r s  a s  d e f i n e d  i n  Appendix D. Thus Eqs,  (47) - (49 ) 
a r e  w r i t t e n  as
-BiV V - B„V V -  B„7^ .v  + B.v -  B^V V - B ,7  v + B^ = 0 , (79)1 XX 2 yy 3 t t  4 5 x  6 y 7 ’
and
( ‘■ ■ i W  +  + S V y y ’ * + W *  S < W ’ yyy’ *
- 85 + < = 7 V *  + S V  ■ S < “  +  y
. 2 2where A, = T1 $ m + y1 ' s us
2 2 A, = y f  m +
*3 '  \ t  •
2 2 2 2  2
A^ = ( - ^  - Y f  tn -  Yf Vyf ^  + T, m (V^^) - T)
"  ^   ̂ ^x ’
33
A = Y f ( 2  V f  + f  V m^) , 5 y y
\  =  ' i  ■
2
- Ŷ  ? ™ [ v $ + v  $ - f y v - v v f ]' y  ̂ XX ''yy x x  •'
2 2 
+  T| + m V 9y$ + m 9^ v ]
Bl ‘  V f V  +  ,
B2 = T1 + Y ĝ ,
B4 = ( ^  -  Y f  - yfV^f  V^m + T>n (9^$) -  Tl^^m 9yy$-Tl$g9y$9ym ) ,
= Yf (2m  ̂ + f  m^) ,
\ - T \  * /  Vy .
^ -  ( -  J  V + Yfm + 7^yy4 +  7^f7yU +  f7^^u  +  , ^ u 7 y f  +  U7^yt ]
+ YfV^m [ 7^ $  +  7yy$ + f 7yU +  u V^f]
34
T1 + m^7^$VyU + m ^ § ^ 7 ^ u  + $^7y 7^ u ] )  ,
C, -  Y tn + r , i  s ’
C, = 2 Y ,
C ,  = Y m +  T g ,
C, = 2 Y 7 m , 4 X
C^ = 2 Y 7y m ,
2 2 , ̂  2 2,
C7  = (Y[V^^ m + 7yyin ] -  T] m u ) ,
Cg = (V[V^^m^ +  7 y y  m ^] -  T1 v ^ )  ,
Cg = 2 T| ,
C io = 2 T1 m u V ,
= T|[7 ^u + m'^(u7^u + v 7  u) +  u^7^m^ + uv7^m'  ̂ + m‘̂ u(7^u +  7yV) ] ,
2 . 2
2 2 2 2 2 
C1 2  = TlCv^v + m (u 7 ^v + v 7  v )  +  v  7^™ + uv7^m + m v ( 7 ^u+ 7 y V ) ]  ,
C i3 = Tl(V^u + 7yV) ,
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c = A  
^14 2 ’m
C j 5 -  ' r [ £ { m ^ -V y j^ v  +  +  7 ^ y U )  + Q(v^u -  , ^v)
2 2 + 2 v m u -  y v)  + 2y m (y u -  y v)  }
X xy XX y yy  xy
2 2 
+ V ffm  ( - 7  V -  3y v + 27  u ) -  Qv -  2y  m ( 2 7 v  -  y u) x ^  yy XX xy x x y
2
- 2 7  m 7 v ]
y y
2 2+ 7 f fm  ( - 2 7  V + 37 u + y u)  + Qu + 27 m (2y u -  y v)  y  xy yy xx  y y x
2
+ 2 7  m 7 u}X X
+ m 7 f [ - 3 7 v + 7 u - 2 v }XX X y
2
+ m V f  f -  7 V + 37  u +  2u]  yy  X y
+ +  ? yyy( )  '  +  ’ y y x «  ’
2 2 2 
+ 2 m 7 f f -  y v  + y u  + u y m  - v y m ]  xy  ̂ y X X y
2 2 
- T1 + urn ( y ^ u  + y^^v) + vm ( y ^ u  + y ^ v )
2 2 2 2 +(y^u + 7yV)(uy^m + vT^ni ) + m (y^u + y^u) } ]
4 :  ,
m
2 2 
and Q = m .
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iTiese e q u a t i o n s  ca n n o t  be a p p l i e d  to  t h e  o u t e r  two g r i d  p o i n t s  b e c ause
o f  the f o u r t h - o r d e r  f i n i t e - d i f f e r e n c e  a l g o r i t h m .  T h e r e f o r e ,  t h e s e  p o i n t s
a r e  h e l d  to  t h e  o r i g i n a l  v a l u e .  A l s o ,  the  o u t e r m o s t  p o i n t s  must  rem ain
u n a d j u s t e d  b e c a u s e  t h e s e  a r e  bounda ry  v a l u e  p roblems and t h e  n a t u r a l
boundary  c o n d i t i o n s  a r e  a p p l i e d .
The s o l u t i o n  o f  t h i s  coup led  sys te m  i s  o b t a i n e d  t h ro u g h  t h e  use
o f  a c y c l i c  r e l a x a t i o n  method.  L e t  u ^ ^ \  v^^^ and be a f i r s t  ( g uesse d )
a p p r o x i m a t i o n  to  t h e  s o l u t i o n .  These a p p r o x i m a t i o n s  a r e  t h e n  s u b s t i t u t e d
i n  Eq. ( 7 8 ) .  v^^^ and a r e  c o n s i d e r e d  known s o l u t i o n s  w i t h  r e s p e c t
(2 )
t o  Eq. (78)  wh ich  i s  s o l v e d  by  Liebmann o v e r r e l a x a t i o n  f o r  u . Eq.
(79) i s  s o lv e d  i n  t h e  same manner f o r  v^^^ u s i n g  v ^ ^ ^ ,  u^^^ and
( 2)
The second a p p r o x i m a t i o n  f o r  $ y i e l d  $ when Eq. (80) i s  s o l v e d .  In
f u n c t i o n a l  form t h i s  p r o c e s s  i s
„ ,  P P -P ~  . P+1(u , V , $ , u ) -  u ,
Hg ( u^^ ^ ,  v ^ ,  V ) -  , (81)
and PL (uP+1 , vP+1, $?,
where  the  a p p r o p r i a t e  v a l u e s  o f  u ,  v  and $ a r e  s u b s t i t u t e d  i n t o  A^, B^,
C^. This  c y c l i c  p r o c e s s  i s  r e p e a t e d  a s p e c i f i e d  number o f  t im es  o r  
u n t i l  a p r e d e t e r m i n e d  t o l e r a n c e  c r i t e r i a  i s  met .  Each e q u a t i o n  i s  
s o lv e d  by Liebmann o v e r r e l a x a t i o n  ( H a l t i n e r ,  1971 ) .  C o n s i d e r ,  f o r  
example ,  Eq. ( 7 8 ) ,
-  S ’ t t  + 4  - S ' ^ y  '  +  4  "  4 ’ ' ' ’
whe re  t h e  f i r s t  s u p e r s c r i p t  r e f e r s  t o  the  c y c l e  and t h e  se cond  s u p e r s c r i p t
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P Vr e f e r s  to  t h e  s t a g e  i n  t h e  r e l a x a t i o n  p r o c e s s .  R^’ r e p r e s e n t s  t h e  non-
s a t i s f a c t i o n  o f  Eq. ( 7 8 ) .  The c o r r e c t i o n s  a t  t h e  (v + l ) s t  s t a g e  a r e  
c a l c u l a t e d  so t h a t  i s  i d e n t i c a l l y  z e r o .  Th is  i s  a c com pl i she d  by
m od i fy in g  th e  c e n t r a l  g r i d  p o i n t  v a l u e  o n l y .  S u b s t i t u t i n g  u^ 'Y t ^  i n t o  
Eq. (82) y i e l d s
- *2 ’ yy - * 3 ’ t t  + *4 - + 4  ■ (S3)
S u b t r a c t i n g  Eq. (82)  f rom Eq. (83) g i v e s  t h e  d e s i r e d  r e d u c t i o n  fo rm u la e
" w . V  = 4 : L k  -  • <s4)
U
^2 ^3
where = 2 ( — j  + — 2 — 2 ) ^  ^4 '
"  Ax Ay At
and uj i s  t h e  o v e r r e l a x a t i o n  p a r a m e t e r ,  uj must  be b e tw e en  one and two 
to  i n s u r e  conve rge nc e  o f  t h e  r e l a x a t i o n  p r o c e s s  ( H a l t i n e r ,  1971) .
Each g r i d  p o i n t  i s  m o d i f i e d  i n  s u c c e s s i o n  u n t i l  the  maximum
P Vr e s i d u a l ,  ’ , o v e r  t h e  e n t i r e  g r i d ,  i s  l e s s  t h a n  a p r e - s e l e c t e d  
t o l e r a n c e  c r i t e r i a .
The r e d u c t i o n  o f  t h e  r e s i d u a l s  f o r  v and $ d u r i n g  th e  r e l a x a t i o n  
p r o c e s s  i s  a c h i e v e d  by;
v ^ ' ^ ^  = v ^ 'V  - W , (85)
RP.v
and - U) ~ ~  , (86)
B, B_ p


















For the  s i m u l a t i o n s ,  t h e  model i s  i n i t i a l i z e d  by f i r s t  p r e s c r i b ­
ing  t h e  g e o p o t e n t i a l ,  $, u s i n g  th e  r e l a t i o n s h i p :
/ , 2n  /X -  b cos  —  y
$ ( x ,y )  = t a n h [------------^ ^ ----- ] , (87)
where i s  t h e  b a s i c  s t a t e  g e o p o t e n t i a l ,
i s  t h e  p e r t u r b a t i o n  g e o p o t e n t i a l ,
x '  = X - X , X i s  t h e  h a l f  w i d t h  o f  t h e  c h a n n e l ,  o o
y'  = y - y^ ,  y^ i s  the  h a l f  l e n g t h  o f  t h e  c h a n n e l ,  
b i s  t h e  n o r t h - s o u t h  a m p l i t u d e  o f  the  g e o p o t e n t i a l  f i e l d ,
d i s  a p a r a m e t e r  which  d e t e r m i n e s  the  w i d t h  o f  t h e  j e t ,
and L^ i s  the  b a s i c  e a s t - w e s t  w a v e l e n g t h .
V a lue s  u s e d  a r e :
2 -2= 54605 .6  m sec  (500-mb s t a n d a r d  a t m o s p h e r i c  g e o p o t e n t i a l ) ,
/  2 - 2$ = 980 m sec  ,
b = 2As,
d = 3As ,
L^ = 23As ,
and As = Ax = Ay = 190500 m.
The C o r i o l i s  p a r a m e t e r  i s  e v a l u a t e d  from a b e t a  p l a n e  c e n t e r e d  a t  4 3 .2 9 °
N. The image s c a l e  f a c t o r  i s  a  c o n s t a n t ,  e q u a l  to  one .  The f low i s
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p e r i o d i c  i n  t h e  e a s t - w e s t  d i r e c t i o n ,  w h i l e  the  no rm a l  component  on 
the  n o r t h - s o u t h  b o u n d a r i e s  i s  e s s e n t i a l l y  z e ro  ( t h e  maximum v a l u e  i s  
,02 m se c  ^ ) .  The a n a l y s i s  and f o r e c a s t  g r i d  i s  15 x 24 g r i d  p o i n t s ;  
t h e  g r i d  s p a c i n g  i s  1 9 0 ,5  km h o r i z o n t a l l y .  F i g u r e  6 shows th e  g r i d  
o r i e n t a t i o n  w i t h  r e s p e c t  to  t h e  c a r t e s i a n  a x e s .  A lso  i d e n t i f i e d  a r e  
p a r t i c u l a r  p o i n t s  and c r o s s - s e c t i o n s  used i n  s u b s e q u e n t  d i s c u s s i o n s .
The i n i t i a l  wind components  a r e  c a l c u l a t e d  from t h e  geos t r o p h i c  wind 
e q u a t i o n s .  These f i e l d s  a r e  t h e n  d y n a m i c a l l y  a d j u s t e d  v i a  t h e  i n i t i a l i ­
z a t i o n  model  d e s c r i b e d  i n  C h a p t e r  I I ,  w i t h  t h e  weak c o n s t r a i n t  non-  
d i m e n s i o n a l  w e i g h t s  s e t  e q u a l .  F i g u r e  7 shows th e  r e s u l t i n g  b a la n c e d  
n o n - d i m e n s i o n a l  g e o p o t e n t i a l  f i e l d .  The maximum g r a d i e n t  i s  i n  t h e  
c e n t e r  o f  t h e  cha nne l  v a r y i n g  a s  a c o s i n e  wave i n  t h e  e a s t - w e s t  d i r e c t i o n .  
Away from th e  c e n t e r  t h e  g r a d i e n t  i s  v e r y  weak. The c o r r e s p o n d i n g  v -  
component .  F i g ,  8 , f o l l o w s  t h e  g e o p o t e n t i a l  p a t t e r n  and r e p r e s e n t s  an
e a s t - w e s t  j e t  w i t h  a maximum f l u i d  v e l o c i t y  o f  a p p r o x i m a t e l y  1 4 ,5  m 
-1
sec  , The u component .  F i g .  9 ,  r e a c h e s  i t s  maximum v e l o c i t y  a t  the
i n f l e c t i o n  p o i n t s  i n  the  g e o p o t e n t i a l  f i e l d .  Both components  become
e s s e n t i a l l y  z e r o  a t  the  n o r t h - s o u t h  b o u n d a r i e s .  The d i v e r g e n c e  f i e l d
-7
a s s o c i a t e d  w i t h  the  components  i s  o f  the  o r d e r  o f  m ag n i tu d e  o f  10 
-1sec
F i g u r e  10 shows the  number o f  r e l a x a t i o n  i t e r a t i o n s  the  u and  v 
components  r e q u i r e d  p e r  c y c l e .  The i n c r e a s e  on t h e  second  c y c l e  i n d i ­
c a t e s  a s t r o n g  i n i t i a l  a d j u s t m e n t  and i s  c h a r a c t e r i s t i c  o f  t h i s  type  
o f  f u n c t i o n a l  ( S a s a k i ,  1970b;  S a s a k i  and Lewis ,  1 970 ) ,  A f t e r  t h a t  t h e  
number o f  i t e r a t i o n s  p e r  c y c l e  m o n o t o n i c a l l y  d e c r e a s e s  u n t i l  c y c l e  
number 21 , where  each  i n c r e a s e s  one i t e r a t i o n  t h e n  c o n t i n u e  to  d e c r e a s e ,
A measure  o f  the  o v e r a l l  c o n v e rg e n c e  o f  t h e  c y c l i c  r e l a x a t i o n  method to
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p ro d u c e  a s o l u t i o n  i s  g iv e n  by th e  maximum r e s i d u a l  o f  th e  f i r s t  r e l a x a ­
t i o n  i t e r a t i o n .  T h is  i n d i c a t e s  th e  d e g re e  to  w h ich  th e  p r e v io u s  v a lu e s  
s a t i s f y  th e  a n a l y s i s  e q u a t i o n .  As shown in  F ig .  11 , th e  maximum a d j u s t ­
ment f o r  th e  wind com ponents  o c c u rs  i n  th e  f i r s t  12 c y c le s  and th en  
a d j u s t  v e r y  s lo w ly  t h e r e a f t e r .  The o s c i l l a t i o n  i n  th e  r e s i d u a l  o f  th e  
u component o c c u rs  b e c a u s e  i t s  v a lu e  i s  v e r y  c l o s e  to  th e  p r e - s p e c i f i e d  
t o l e r a n c e  c r i t e r i a  and  any  s l i g h t  change i n  t h e  v a lu e  o f  th e  o t h e r  v a r i ­
a b l e s  c a u s e s  a d r a s t i c  change i n  t h i s  r e s i d u a l .  The d e c re a s e  o f  th e  
g e o p o t e n t i a l  r e s i d u a l  i s  slow a f t e r  th e  t h i r d  c y c le  i n d i c a t i n g  t h a t  th e  
b a la n c e d  p o r t i o n  o f  th e  w inds  and g e o p o t e n t i a l  a r e  d y n a m ic a l ly  a d j u s t e d  
q u i t e  r a p i d l y  and t h a t  th e  f u r t h e r  a d ju s tm e n t  i n  the  w inds i s  due p r i ­
m a r i ly  to  the  n o n - d iv e r g e n c e  r e q u i r e m e n t .  T h is  i s  e x p e c te d  s in c e  th e  
components f o r  th e  s im u l a t i o n s  a r e  i n i t i a l l y  d e r i v e d  u s in g  th e  g e o s t r o p h ic  
e q u a t i o n s .
These d y n a m ic a l ly  c o m p a t ib le  f i e l d s  a r e  th e  i n i t i a l  c o n d i t i o n s  
f o r  th e  f o r e c a s t  m odel .  B e fo re  i n t e g r a t i n g  th e  e q u a t i o n s ,  At i s  s e l e c t e d  
so t h a t  th e  l i n e a r  c o m p u ta t io n a l  s t a b i l i t y  r e q u i r e m e n t  o f  Eq. (72) i s  
s a t i s f i e d .  S u b s t i t u t i o n  o f  t h e  s p e c i f i e d  v a lu e s  f o r  , As, and th e  
e s t i m a t e d  maximum v e l o c i t y  o f  100 m s e c  ^ i n t o  Eq. (72) y i e l d s  a  non- 
d im e n s io n a l  At = .0 0 5 2 6 .  S in c e  the  f o r e c a s t  e q u a t i o n s  a r e  n o n l i n e a r .
At i s  s p e c i f i e d  a s  .003  (300 s e c ) .  The e a s tw a r d  t r a n s l a t i o n  o f  th e  
s y n o p t i c  wave i s  gove rned  by phase  speed  fo rm u la e  f o r  Rossby waves 
( H a l t i n e r ,  1971 ) .  The n o r t h - s o u t h  d i s t r i b u t i o n  o f  th e  t r a n s l a t i o n a l  
v e l o c i t y  (z o n a l  a v e ra g e  o f  th e  v component) i s  shown in  F i g .  12 . S u b s t i ­
t u t i o n  o f  th e  maximum v a lu e  i n t o  th e  p h a se  sp eed  fo rm ulae  g iv e s  a n e t  
e a s tw a rd  t r a n s l a t i o n  o f  5 .0  m sec  . Thus, d u r in g  th e  s ix - h o u r  f o r e c a s t
42
p e r i o d , t h e  d i s p la c e m e n t  o f  th e  p r i n c i p a l  wave i s  a p p ro x im a te ly  .6 o f  a 
g r i d  i n t e r v a l .
The n o r th - s o u th  boundary  v a lu e  o f  th e  v a r i a b l e s  a r e  h e ld  c o n ­
s t a n t  d u r in g  the  f o r e c a s t  p e r i o d .  To s u p p r e s s  the  two g r i d  i n t e r v a l  
waves w hich  may a r i s e ,  a " d i f f u s i v e "  o p e r a t o r  i s  used  a t  th e  f i r s t  row 
o f  g r i d  p o i n t s  on the  r e g io n  encom pass ing  th e  i n t e r i o r  o f  th e  b o u n d a ry .  
The f o r e c a s t  e q u a t io n s  become ( P o lg e r ,  1971) :
u"+^ = u ^  - At .
v "^^  =  V "  - At ,
and ^ - At F^^ ,
w here  th e  b a r  i n d i c a t e s  th e  a v e ra g e  o f  th e  im m ed ia te ly  a d j a c e n t  p o i n t s ,  
F^^\ F^^, F^^ a r e  th e  t e n d e n c ie s  o f  u ,  v ,  and $ r e s p e c t i v e l y  f o r  time 
l e v e l  n .  These t e n d e n c ie s  a r e  c a l c u l a t e d  from e i t h e r  f o r e c a s t  schem e. 
T h is  d i f f u s i v e  o p e r a t o r  i s  a c t u a l l y  th e  f i r s t  s t e p  o f  th e  L ax-W endroff  
method (R ich tm e y e r ,  19 6 2 ) ,  F ig u re  13 shows th e  s ix - h o u r  t im e  t r a c e  o f  
th e  f o r e c a s t  v a r i a b l e s  f o r  th e  Scheme F f o r m u la t io n  a t  p o i n t  A i n  F i g .  
b. The t r a c e s  a r e  e s s e n t i a l l y  c o n s t a n t  r e f l e c t i n g  a) th e  s u i t a b i l i t y  
o f  th e  i n i t i a l i z a t i o n  scheme (no l a r g e  a m p l i tu d e  g r a v i t y  w a v e s ) ,  and b) 
th e  s t a t i o n a r i t y  o f  th e  Rossby wave. The f o r e c a s t  u s in g  th e  Shuman 
f o r m u la t io n  was s i m i l a r  and d i f f e r e d  o n ly  i n  th e  t h i r d  s i g n i f i c a n t  d i g i t .  
Both f o r e c a s t  schemes c o n se rv e d  t o t a l  e n e rg y  and mass q u i t e  w e l l  d u r in g  
th e  s i x  h o u r s  and c o n s e q u e n t ly  d id  n o t  r e q u i r e  any e n e rg y  o r  mass a d j u s t ­
m ent. To d e te rm in e  the  s e n s i t i v i t y  o f  th e  f o r e c a s t  models to  im b a la n c e s ,  
a 102 m h e ig h t  p e r t u r b a t i o n  i s  added to  th e  c o r r e s p o n d in g  i n i t i a l i z e d  
v a lu e  a t  p o i n t  A, F ig u re  14 shows th e  tim e r e a c t i o n  o f  th e  p e r t u r b a t i o n
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g e o p o t e n t i a l  a t  p o i n t  A f o r  Scheme F. I n i t i a l l y ,  a l a r g e  a m p litu d e  
g r a v i t y  wave i s  c r e a t e d .  As th e  en erg y  i s  d i s p e r s e d  o v er  the r e g io n ,  
th e  a m p li tu d e  o f  th e  g r a v i t y  wave a t  t h i s  p o in t  d e c r e a s e s .  T h is  i s  p r e ­
d i c t e d  by the s im p le  g e o s t r o p h i c  a d ju stm en t  th e o r y  in  w hich the d i r e c t i o n  
o f  th e  a d ju s tm en t  i s  d ep en d e n t  on th e  R ossby r a d iu s  o f  d e fo n n a t io n  \ .
For t h i s  model A. = /  f ^ ) ^  = 2 .3 4  x 10^ m. Thus, f o r  p e r t u r b a t i o n
w a v e le n g th s  l e s s  th a n  X , th e  f i n a l  f i e l d  i s  d e te rm in e d  from th e  w ind 
f i e l d ,  i . e . ,  the  wind f i e l d  changes v e r y  l i t t l e  and th e  mass f i e l d  con­
forms to  th e  wind f i e l d .
To v e r i f y  t h a t  t h i s  im b alance  e x c i t e s  g r a v i t y  w a v es ,  th e  g eo p o ­
t e n t i a l  time t r a c e  f o r  p o i n t  B, 1278 km from p o i n t  A, i s  shown i n  F i g .
15. The f i e l d  b e g in s  to  o s c i l l a t e  a t  a p p ro x im a te ly  90 m inu tes  i n t o  th e
-1
f o r e c a s t .  T his  r e q u i r e s  a p h a se  speed  o f  237 m s e c  . For the l i n e a r i z e d  
s y s te m ,  th e  phase sp eed  o f  g r a v i t y  w aves i s  = | v |  + 234 m s e c  ^
( H a l t i n e r ,  1 971 ) .  The a m p l i tu d e  a t  p o in t  B i s  s m a l le r  show ing t h a t  the  
en erg y  c o n ta in e d  in  th e  im b alance  i s  d i s p e r s e d  o v er  th e  e n t i r e  r e g io n .  
F ig u r e  16 shows the  r e s p o n s e  o f  the Shuman m od el.  The a d d i t i o n  o f  the  
tim e f i l t e r  damps th e  a m p li tu d e  o f  th e  g r a v i t y  wave and th e  p h ase  a n g le  
i s  d i s p l a c e d  15 min compared to  Scheme F. Towards th e  end o f  th e  s i x -  
hour f o r e c a s t  both  schem es h ave  a p p r o x im a te ly  th e  same a m p l i tu d e .
To produce " o b serv ed "  d a ta  f o r  the a s s i m i l a t i o n  ex p e r im e n ts  the  
i n i t i a l  v a l u e s  and th e  v a l u e s  from th e  f i r s t  fo u r  tim e s t e p s  o f  th e  
f o r e c a s t  model a r e  s a v e d .  The a c t u a l  v a l u e s  o f  th e  v a r i a b l e s  d id  n o t  
change d ur in g  t h i s  10 m in u te  p e r io d  b eca u se  o f  th e  s u i t a b i l i t y  o f  th e  
i n i t i a l i z a t i o n  schem e. R e fe r  to  F i g .  13 f o r  an example o f  th e  s t a t i o n ­
a r i t y  o f  the v a l u e s .  The f o r e c a s t  g e o p o t e n t i a l  i s  m o d if ied  o v e r  a s u b s e t
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o f  th e  r e g i o n  b e c a u s e ,  f o r  th e  l i n e a r  system  o f  s h a l l o w - w a t e r  e q u a t i o n s ,  
the  p e r t u r b a t i o n  g e o p o t e n t i a l  can  be a s s o c i a t e d  w i t h  a  t e m p e ra tu re  p e r ­
t u r b a t i o n  ( P h i l l i p s ,  1971) and te m p e ra tu re s  a r e  t h e  m ost common p a ra m e te r  
d e r iv e d  from rem ote se n se d  d a t a .  The t o t a l  s e t ,  f o r e c a s t  v a lu e s  p lu s  
th e  m o d if ie d  v a l u e s ,  a r e  th e  " o b s e rv e d "  d a ta  s e t .  The w e ig h t  on th e  
m o d if ie d  g e o p o t e n t i a l  was s p e c i f i e d  a s  t e n  t im es  th e  w e ig h t  on th e  f o r e ­
c a s t  g e o p o t e n t i a l  v a lu e s  e x c e p t  in  e x p e r im e n t  2 ,  The m o d i f i c a t i o n s  
r e p r e s e n t  two s i t u a t i o n s .  The f i r s t  m o d i f i c a t i o n  ( I )  s im u l a t e s  th e  s i t u a ­
t i o n  w here  th e  f o r e c a s t  p h a s e  sp e ed  i s  c o r r e c t  b u t  s u b s e q u e n t  o b s e r v a t i o n s  
r e v e a l  t h a t  the  m agnitude  o f  th e  s y n o p t i c  s c a l e  wave i s  c o n s id e r a b l y  
d i f f e r e n t  from th e  f o r e c a s t .  T h is  i s  a c h ie v e d  by  d o u b l in g  §' i n  Eq. ( 8 7 ) .  
The o u t e r  f o u r  rows on th e  n o r t h  and so u th  b o u n d a r ie s  a r e  n o t  m o d if ie d .  
T h is  c r e a t e s  a n  e x tre m e ly  l a r g e  d i s c o n t i n u i t y  i n  t im e and s p a c e .  F ig .
I7a  shows th e  m o d if ie d  g e o p o t e n t i a l  h e i g h t  f i e l d .  F i g s .  I7 b -d  a r e  c ro s s  
s e c t i o n a l  v iew s o f  th e  m o d i f ie d  f i e l d .  The f o r e c a s t  v a l u e s  a t  t  = 10 
m inu tes  a r e  a l s o  shown f o r  co m p ar iso n .
The second m o d i f i c a t i o n  ( I I )  r e p r e s e n t s  t h e  s i t u a t i o n  w here  th e  
f o r e c a s t  a m p l i tu d e  i s  c o r r e c t  b u t  th e  f o r e c a s t  p h a se  sp e ed  i s  s low  com­
p a re d  to  th e  o b s e r v a t i o n s .  The r e s u l t i n g  g e o p o t e n t i a l  i s  shown i n  F i g s .  
1 8 a -d ,  The d i s c o n t i n u i t i e s  i n  sp a ce  and tim e a r e  much s m a l l e r  i n  t h i s  
c a s e .
B e fo re  b e g in n in g  th e  a s s i m i l a t i o n  e x p e r im e n ts  i t  i s  n e c e s s a r y  
to  d e te rm in e  th e  r e l a t i v e  m ag n i tu d e  o f  th e  v a r i o u s  te rm s  i n  th e  c o e f f i ­
c i e n t s  in  E qs .  (78) - (80) i n c l u d i n g  th e  c o n s t a n t  s p a c e  and t im e i n c r e ­
ments and t h e i r  pow ers . T h is  i s  n e c e s s a r y  to  i n s u r e  t h a t  i n  th e  a c t u a l  
n u m e r ic a l  e x p e r im e n t  c e r t a i n  te rm s do n o t  d o m in a te  th e  a n a l y s i s  and le a d
45
to  t o t a l  r e j e c t i o n  o f  any new o b serv e d  d a t a ,  A s im p le  exam ple can  
c l a r i f y  t h i s  e f f e c t .  C o n s id e r  th e  a n a l y s i s  e q u a t io n  w hich  r e s u l t s  from 
an o b s e r v a t i o n a l  c o n s t r a i n t  and a f i r s t  d e r i v a t i v e  t im e c o n s t r a i n t .  The 
a n a l y s i s  e q u a t io n  i s
G Q - a  (Q - Q) = 0 , (88)
w here a l l  terras a r e  n o n - d i r a e n s io n a l .  Assuming t h a t  th e  c h a r a c t e r i s t i c  
tim e s c a l e  i s  10^ se c  and t h a t  th e  p a r t i c u l a r  At u se d  i s  300 se c  (5 ra in ) ,  
th e n  Eq, ( 88) i s  w r i t t e n  a s
1 ,1  X 10^ e A^^ Q - (Q - Q) = 0 , (89)
w here  = Q (t+1) + Q ( t - l )  +  2 Q ( t)  and #  = 1,
F u rth erm ore ,  a l l  o b s e r v a t i o n s  Q a r e  assumed e q u a l  e x c e p t  one.
I f  th e  o b s e r v a t io n  number o f  t im e l e v e l s  u sed  i n  th e  a n a l y s i s  i s  s m a l l ,
th e  f i l t e r  w e ig h t ,  e,  m ust be c h o sen  much l e s s  th a n  one  o r  th e  f i r s t
term w i l l  dom inate  th e  sec o n d  terra. C o n se q u e n t ly  th e  odd o b s e r v a t io n
w i l l  be r e j e c t e d  ev en  i f  i t  i s  t r u e .  I f  th e  number o f  t im e l e v e l s  i s
l a r g e ,  th e  a n a l y s i s  e q u a t io n  can accommodate t h i s  o b s e r v a t io n  more e a s i l y
by a d j u s t i n g  th e  v a l u e s  on e i t h e r  s i d e  so  t h a t  " c u rv a tu re"  i s  v e r y  s m a l l .
For t h i s  exam ple , a new w e ig h t  c a n  be d e f i n e d ,  i . e . ,  & = 1 ,1  x  10^ e .
T h is  new w e ig h t  j u s t  ch an ges  th e  fo u n d a t io n  o r  b a s i s  f o r  d e te rm in g  th e
d i r e c t i o n  o f  th e  a d ju s tm e n t  ( to w ard s  th e  o b s e r v a t i o n s  o r  d y n a m ic s ) .  For
th e  a n a l y s i s  e q u a t io n s  (78) -  (80)  th e  dom inan t term s r e s u l t e d  from th e
v a r i a t i o n  o f  th e  i n t e g r a t e d  c o n t i n u i t y  e q u a t io n  b e c a u s e  th e  n o n - d im e n s io n a l
tim e s t e p ,  n e c e s s a r y  to  s a t i s f y  th e  l i n e a r  c o m p u ta t io n a l  s t a b i l i t y  c r i t e r i o n ,
-2 -3i s  a p p r o x im a te ly  10 - 10 Thus, th e  l a r g e s t  c o e f f i c i e n t  a s s o c i a t e d
2 3
w i t h  th e  tem p ora l  d e r i v a t i v e s  a r e  10 -  10 t im e s  l a r g e r  than any o t h e r
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dynamic c o e f f i c i e n t .  C o n s e q u e n t ly ,  th e  weak c o n s t r a i n t  w e ig h t ,  T|, i s  
reduced  so t h a t  th e  r e s u l t i n g  c o e f f i c i e n t s  a r e  a p p ro x im a te ly  th e  same 
o r d e r  o f  m agn itude  a s  th o s e  r e s u l t i n g  from t h e  b a la n c e  c o n s t r a i n t .  T h is  
r e d u c e s  somewhat the  t im e  c o u p l in g  b u t  does a l lo w  new o b s e r v a t io n s  to  
be a s s i m i l a t e d  i n s t e a d  o f  r e j e c t e d .
A s e r i e s  o f  e x p e r im e n ts  u s in g  m o d i f i c a t i o n  I  and the  w e ig h ts  
l i s t e d  i n  T a b le  1 shows a  w ide  ra n g e  o f  a s s i m i l a t i o n  e f f e c t s .  I n  th e  
f i r s t  e x p e r im e n t  the  o b s e r v a t i o n a l  w e ig h ts  a r e
a  = 10^ and  p = 10^^ .
T h is  i n s u r e s  t h a t  th e  dynam ic c o n s t r a i n t s  a r e  o v e r r id d e n  and t h i s  e x p e r i ­
ment i s  s i m i l a r  to  th e  s e n s i t i v i t y  a n a l y s i s  p e rfo rm e d  on th e  f o r e c a s t  
m odels .  Due to  th e  n a t u r e  o f  th e  d i s c o n t i n u i t i e s  i n  th e  o b se rv e d  d a t a  
s e t ,  th e  g r a v i t y  waves a r e  l a r g e  and more e x t e n s i v e .  F ig u re  19 shows 
th e  t im e t r a c e  o f  th e  v a r i a b l e s  a t  p o i n t  B. The te m p o ra l  d i s c o n t i n u i t y  
i n  th e  g e o p o t e n t i a l  i s  v e r y  d r a m a t i c .  The t r a c e  p r o c e e d in g  th e  d i s c o n ­
t i n u i t y  a r e  th e  v a lu e s  from  th e  o r i g i n a l  f o r e c a s t .  D uring  th e  a s s i m i l a ­
t i o n ,  th e  m agn itude  o f  t h e  v a r i a b l e s  a t  t  = 5 min was d y n a m ic a l ly  a d j u s t e d  
b u t  i t s  v a lu e  i s  n o t  shown on th e  t r a c e .  The i n i t i a l  a m p l i tu d e  o f  th e  
g r a v i t y  wave i s  n e a r l y  50 p e r c e n t  th e  a m p l i tu d e  o f  th e  s y n o p t i c  s c a l e  
wave. Both th e  wind components show a s m a l l  a m p l i tu d e  o s c i l l a t i o n .
P o in t  B i s  l o c a t e d  a t  t h e  edge o f  th e  g e o p o t e n t i a l  d i s c o n t i n u i t y  a n d ,  
th e  v a r i a b l e s  r e f l e c t  some n o n - a d ju s tm e n t .  At p o i n t  A, which i s  i n  th e  
c e n t e r  o f  the  c h a n n e l ,  th e  a m p l i tu d e  o f  th e  g r a v i t y  wave i s  much s m a l l e r  
i n i t i a l l y  r e f l e c t i n g  o n ly  a s l i g h t  im ba lance  be tw een  th e  wind and th e  
g e o p o t e n t i a l .  At l a t e r  t im e s ,  th e  a m p l i tu d e  i n c r e a s e s  a s  t h e r e  i s  m u l t i ­
p l e  i n t e r a c t i o n  o f  th e  g r a v i t y  waves (F ig .  2 0 ) ,  The wind t im e t r a c e s .
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i n  th e  c e n t e r  o f  th e  c h a n n e l ,  a r e  s i m i l a r  to  th o s e  o f  F ig .  19 . F ig s .
2 1 a ,  b ,  c show th e  f o r e c a s t  f i e l d  a t  t  = 3 h r s .  The p re s e n c e  o f  h i g h -  
f re q u e n c y  g r a v i t y  waves i s  e a s i l y  se en  i n  th e  e r r a t i c  n a tu r e  o f  th e  con­
t o u r s  .
In a l l  e x p e r im e n t s ,  the c o n s t r a i n t s  o f  c o n s e r v a t io n  o f  t o t a l
e n e rg y  and mass a r e  im posed u s in g  th e  o r i g i n a l  i n i t i a l  v a l u e s .  The
a s s i m i l a t e d  f i e l d s ,  i n  t h i s  e x p e r im e n t ,  i n c r e a s e d  th e  n o n -d im e n s io n a l
e n e rg y  by 286 u n i t s  (1.5%) and th e  n o n -d im e n s io n a l  mass by 13 u n i t s
( .0 6 % ).  The mass a d ju s t m e n t ,  p e rfo rm e d  f i r s t ,  d e c re a s e d  th e  t o t a l  mass
to  th e  i n i t i a l  v a l u e .  T h is  has  th e  e f f e c t  o f  lo w e r in g  the  b a s i c  s t a t e
g e o p o t e n t i a l .  For th e  l i n e a r  sy s te m  o f  f o r e c a s t  e q u a t io n s  t h i s  w ould
r e d u c e  the  phase  speed  o f  th e  g r a v i t y  waves b u t  f o r  th e  n o n l i n e a r  sy s te m ,
t h i s  c a u se s  the  phase  s p e e d s  to  rem ain  e s s e n t i a l l y  c o n s t a n t .  The r e q u i r e d
-4e n e rg y  a d ju s tm e n t  i s  v e r y  s m a l l .  The maximum v a lu e  f o r  i s  2 x 10 
j u s t i f y i n g  th e  l i n e a r i z a t i o n  t e c h n iq u e  u se d  i n  th e  deve lopm ent n f  th e  
i t e r a t i v e  schem e(A ppendix  C ) . The a d j u s t e d  t o t a l  e n e rg y  i s  e s s e n t i a l l y  
c o n s t a n t  d u r in g  the  f o r e c a s t  b e c a u se  th e  c o n s t r a i n t  i s  c o n s id e r e d  s a t i s ­
f i e d  i f  th e  a d ju s t e d  e n e rg y  i s  w i t h i n  5 u n i t s  o f  th e  i n i t i a l  v a l u e .  The 
a d j u s t e d  k i n e t i c  e n e rg y  (K .E .)  and p o t e n t i a l  e n e rg y  ( P .E . )  o s c i l l a t e  
( F ig .  22) due to  th e  e n e rg y  t r a n s f o r m a t i o n s  t a k i n g  p la c e  d u r in g  th e  f o r e ­
c a s t  th rough  n o n l i n e a r  i n t e r a c t i o n s ,  and to  the  n o n i d e n t i c a l  s a t i s f a c ­
t i o n  o f  the  c o n s t r a i n t .  The e n e rg y  a d ju s tm e n t  does e f f e c t  t h e  t o t a l  
mass b u t  g e n e r a l l y  by l e s s  th a n  one u n i t .  T h is  r e p r e s e n t s  a .005% change 
w i th  r e s p e c t  to  th e  t o t a l  change .
I n  a l l  e x p e r im e n t s ,  a s i n g l e  fo rw ard  t im e s t e p  was used  i n i t i a l l y  
and a f t e r  the  a s s i m i l a t i o n  to  s t a r t  th e  f o r e c a s t .  A f t e r  th e  a s s i m i l a t i o n ,  
a c e n t e r e d - t i m e  s t e p  p r o c e d u r e  was t e s t e d  b u t  a c o m p u ta t io n a l  mode
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( H a l t i n e r ,  1971) was p r e s e n t .  This  r e s u l t e d  from th e  d e c re a s e d  w e ig h t  
on th e  i n t e g r a t e d  c o n t i n u i t y  e q u a t io n .  The f i e l d s  were d y n a m ic a l ly  
m atched i n  sp a c e  b u t  n o t  a s  w e l l  in  t im e .  T hus , a l t e r n a t e  t im e  l e v e l s  
w ere co u p le d  and m a in ta in e d  t h e i r  i n t e g r i t y .  The r e s t a r t  m ethod, a 
fo rw ard  tim e s t e p ,  i s  an  e f f e c t i v e  method to  p r e v e n t  th e  c o m p u ta t io n a l  
mode (K u r ih a r a ,  1965).
In  e x p e r im e n t  2 th e  o b s e r v a t i o n a l  w e ig h ts  were d e c re a s e d  so t h a t  
th e  d ynam ica l  a d ju s tm e n t s  c o u ld  ta k e  p l a c e .  The e f f e c t  o f  th e  dynamics 
i s  se en  in  F i g s .  23a and b .  The o b se rv e d  v a lu e s  a r e  p l o t t e d  f o r  com pari­
so n .  The a n a l y s i s  model h a s  e l im in a te d  th e  s h a rp  d i s c o n t i n u i t y  and p r o ­
v id e d  a smooth t r a n s i t i o n  from th e  boundary  t o  th e  i n t e r i o r  w here  th e  
a n a l y s i s  n e a r l y  m atches  th e  o bse rved  d a t a .  The o r i g i n a l  d i s c o n t i n u i t y  
has  most o f  i t s  power i n  th e  2-4As waves b u t  th e  b a la n c e  c o n s t r a i n t  
e f f e c t i v e l y  r e d u c e s  th e  a m p l i tu d e  o f  t h e s e  waves ( F ig .  2 a ) .  The t r a n s i ­
t i o n  i s  b e t t e r  where th e  d i s c o n t i n u i t y  i s  sym m etr ic  w i th  r e s p e c t  to  th e  
c h a n n e l .  T h is  i s  s e e n  by com paring F i g s .  23a and 23b. In  F ig .  23a ,  
th e  o r i g i n a l  d i s c o n t i n u i t y  n e a r  the  n o r t h e r n  b o r d e r  i s  l a r g e r  th a n  t h a t  
i n  F ig .  23b. C o n s e q u e n t ly ,  th e  a n a l y s i s  h as  more c u r v a t u r e  a t  t h i s  
p o i n t .  The wind components respond  to  t h e  a n a ly z e d  g e o p o t e n t i a l .  The 
i n c r e a s e  in  th e  v component ( F ig s .  24a and b) r e f l e c t s  th e  i n c r e a s e d  
g r a d i e n t  o f  g e o p o t e n t i a l .  A lso ,  t h e r e  i s  th e  e x p e c te d  a m p l i f i c a t i o n  o f  
t h e  s h o r t e r  w a v e le n g th s  from th e  b a la n c e d  c o n s t r a i n t  (F ig .  2 a ) .  T h is  
i s  s e e n  in  th e  4As wave i n  th e  v component n e a r  th e  n o r th e r n  and s o u th e rn  
b o r d e r s  ( F ig .  24b ) .  The e f f e c t s  o f  th e  d iv e r g e n c e  c o n s t r a i n t  a r e  se en  
i n  F ig .  25 . The d iv e r g e n c e  c o n s t r a i n t  on u  a c t s  p r i m a r i l y  i n  th e  x 
d i r e c t i o n .  The a n a ly z e d  u component i s  smooth and c o n ta i n s  no s m a l l  
s c a l e  i n f o r m a t io n .
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I’he  f o r e c a s t  from t h e s e  a s s i m i l a t e d  d a t a  s t i l l  showed th e  
e x i s t e n c e  o f  g r a v i t y  waves b u t  t h e r e  i s  a 60% r e d u c t i o n  i n  th e  a m p l i tu d e  
o v e r  e x p e r im e n t  1. F ig .  26 shows th e  g e o p o t e n t i a l  a t  p o i n t s  B and A 
r e s p e c t i v e l y .  T here  a p p e a r s  to  be o n ly  one low a m p l i tu d e  g r a v i t y  wave 
i n  com parison  to  th e  many t h a t  a p p e a r  i n  F i g s .  19 and 20,
I n  th e  t h i r d  e x p e r im e n t ,  th e  w e ig h t  on th e  g e o p o t e n t i a l  o b s e rv a ­
t i o n s  was .5  th e  w e ig h t  i n  e x p e r im e n t  2 . The dynamic w e ig h t ,  T], was i n ­
c re a s e d  to  .001 . As w i t h  a l l  th e  e x p e r im e n ts  th e  m agnitude  o f  th e  m axi­
mum f i r s t  r e s i d u a l  d e c r e a s e d  a s  th e  number o f  c y c le s  i n c r e a s e d .  For 
t h i s  e x p e r im e n t  t h i s  r e s i d u a l  d e c re a s e d  one to  two o r d e r s  o f  m ag n itu d e  
f o r  each  v a r i a b l e  by th e  1 2 th  c y c l e .  At t h i s  p o i n t  th e  a s s i m i l a t i o n  
p r o c e s s  was s to p p e d .  The r e s u l t s  a t  t im e t  = 10 min a r e  shown in  F ig s .  
2 7 a -2 9 .  The a n a ly z e d  v a l u e s  show l e s s  o f  th e  e f f e c t  o f  th e  d i s c o n t i n u i t y  
and a r e  more in  l i n e  w i t h  th e  o r i g i n a l  f o r e c a s t ,  i . e . ,  th e  dynamic e f f e c t  
i s  s t r o n g e r .  The r e s u l t s  o f  th e  f o r e c a s t  from t h i s  s e t  a r e  shown in  
F ig .  30, At p o i n t  B, t h e  a m p l i tu d e  o f  th e  g r a v i t y  wave i s  o n ly  18% o f  
th e  a m p l i tu d e  o f  e x p e r im e n t  1. The t h r e e - h o u r  f o r e c a s t ,  F ig .  31c ,  has  
much l e s s  n o i s e  th a n  F i g .  2 1 c ,  i n d i c a t i n g  th e  d im en ish ed  a m p l i tu d e  o f  
th e  g r a v i t y  waves. T h e i r  e f f e c t  i s  more n o t i c e a b l e  n e a r  th e  o r i g i n a l  
d i s c o n t i n u i t y .  I n  th e  c e n t e r  o f  th e  c h a n n e l  o n ly  th e  s y n o p t i c  wave i s  
d e t e c t a b l e .  The u component shows th e  s y n o p t i c  p a t t e r n  e x c e p t  n e a r  the  
n o r th e r n  and s o u th e r n  b o u n d a r ie s  (compare F ig ,  31a and F ig .  2 1 a ) .
I n  th e  l a s t  e x p e r im e n t  w i th  m o d i f i c a t i o n  I th e  w e ig h t  on th e  
o b se rv e d  g e o p o t e n t i a l  was s p e c i f i e d  a s  500, In  t h i s  c a s e  th e  m o d if ie d  
g e o p o t e n t i a l  was r e j e c t e d  a n d ,  i n  f a c t ,  t h e  a n a l y s i s  a t  t  = 10 min 
c o r re s p o n d e d  to  the  o r i g i n a l  f o r e c a s t  v a lu e s  and th u s ,  th e  3 - h o u r  f o r e ­
c a s t s  a r e  n e a r l y  i d e n t i c a l .
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I n  th e  f i n a l  e x p e r im e n t ,  m o d i f i c a t i o n  I I  i s  u se d  to  g e n e r a t e  
th e  o b se rv e d  f i e l d .  The w e ig h t  on th e  m o d if ie d  g e o p o t e n t i a l  i s  i n c r e a s e d  
t o  5000 w h i le  a l l  o t h e r  w e ig h t s  rem ain  th e  same a s  i n  th e  p r e v i o u s  e x p e r i ­
m ent. The Shuman scheme i s  th e  f o r e c a s t  m odel.  As shown i n  F i g .  18 , 
th e  d i s c o n t i n u i t i e s  a r e  g e n e r a l l y  l e s s  s e v e r e  th an  th e  o t h e r  e x p e r im e n t s .
The dynamic a d ju s tm e n t  i s  b e t t e r  i n  t h i s  c a s e ;  a l th o u g h  th e  Shuman scheme 
does sm ooth , o n ly  a sm a l l  a m p l i tu d e  wave a s  s e e n  in  F ig .  32 . The wind 
com ponents  a r e  i n  b a la n c e  w i t h  th e  g e o p o t e n t i a l .  The 3 - h o u r  f o r e c a s t  
i s  shown i n  F ig .  33. The n o r t h e r n  and s o u th e r n  boundary  e f f e c t s  a r e  
c l e a r l y  s e e n .  I n  F i g s .  33b and 33c th e  a x i s  o f  th e  t ro u g h  c u rv e s  to  
m atch th e  boundary  v a l u e s .  I n  th e  c e n t e r  o f  th e  c h a n n e l  th e  a x i s  o f  the  
g e o p o t e n t i a l  t ro u g h  ( F ig .  33c) i s  w here  th e  m o d if ie d  v a lu e s  p l a c e d  i t  
b u t  i t  g r a d u a l ly  d e v i a t e s  from th e  o b se rv e d  a s  th e  b o u n d a r ie s  a r e  a p p ro a c h e d .  
T h is  e f f e c t  i s  a l s o  seen  i n  th e  wind com ponents . I n  th e  SW and NE c o r n e r  
o f  F i g .  33c t h e r e  i s  a s h o r t  w a v e le n g th  p e r t u r b a t i o n  (4& s). T hese  a r e a s  
c o r r e s p o n d  to  a r e a s  o f  maximum d i s c o n t i n u i t y  i n  th e  o b s e rv e d  f i e l d  and 
th e  g r e a t e s t  im ba lance  b e tw een  th e  a n a ly z e d  f i e l d s .
CHAPTER V 
CONCLUSIONS AND REMARKS
The I n i t i a l i z a t i o n  and a s s i m i l a t i o n  m odels a r e  de v e lo p e d  w i t h i n  
the  fram e work o f  v a r i a t i o n a l  c a l c u l u s .  The t e c h n iq u e  i n c o r p o r a t e s  th e  
p r i n c i p a l  p h y s ic s  o f  th e  f o r e c a s t  m odel, a s  w e l l  a s  o b s e r v a t i o n s ,  i n t o  
the  t o t a l  sys tem  o f  a n a l y s i s  e q u a t i o n s .  T hese  e q u a t io n s  a r e  s o lv e d  as  
boundary  v a lu e  p rob lem s in  which th e  o b s e rv e d  d a ta  s e t ,  i n c l u d in g  f o r e ­
c a s t  and o b se rv e d  v a l u e s , a r e  d y n a m ic a l ly  a d j u s t e d  o r  m atched . I n v e s t i ­
g a t i o n  o f  th e  s p e c t r a l  m o d i f i c a t i o n s  n e c e s s a r y  to  s a t i s f y  the  dy n am ica l  
c o n s t r a i n t s  shows t h a t  s i g n i f i c a n t  m o d i f i c a t i o n s  may be  n e c e s s a r y  d e p e n d ­
in g  on th e  w a v e le n g th s  and a m p l i tu d e s  c o n ta in e d  i n  th e  ob se rv ed  f i e l d .
The m o d i f i c a t i o n s  i n c l u d e  a m p l i f i c a t i o n ,  f i l t e r i n g ,  and phase  s h i f t i n g  
o f  c e r t a i n  w a v e l e n g t h s , b o th  long and s h o r t .  The r e l a t i v e  w e ig h t in g  
on th e  o b s e r v a t i o n s  s i g n i f i c a n t l y  a f f e c t s  th e  shape  and v a lu e  o f  r e s p o n s e  
c u r v e s .
The m o d if ie d  g e o p o t e n t i a l ,  u sed  i n  t h e  a s s i m i l a t i o n  e x p e r im e n t s ,  
i s  a s e v e r e  d e p a r t u r e  from th e  f o r e c a s t  f i e l d s .  These d e p a r t u r e s  e x ­
posed  th e  s t r e n g t h s  and l i m i t a t i o n s  o f  th e  a s s i m i l a t i o n s  model. The 
model i s  c a p a b le  o f  h a n d l i n g  ex trem e d i f f e r e n c e s  and p ro d u c in g  d y n a m ic a l ly  
sound f i e l d s  i n  w hich  t h e r e  i s  a l a r g e  r e d u c t i o n  i n  th e  a m p l i tu d e  o f  th e  
g r a v i t y  w aves. The dynamic m atch ing  may l e a d  to  th e  a m p l i f i c a t i o n  of 
c e r t a i n  w a v e le n g th s  i n  th e  wind com ponents . T h is  phenomenon, a n a l y t i c a l l y  
i n v e s t i g a t e d  f o r  th e  i n i t i a l i z a t i o n  f u n c t i o n a l ,  i s  o b se rv e d  i n  t h e  r e s u l t s
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o f  th e  a s s i m i l a t i o n  f u n c t i o n a l .  I t  seems to  be th e  most p l a u s i b l e  e f f e c t  
i n  th e  a d ju s tm en t  p r o c e s s  b eca u se  dynamic c o n s t r a i n t s  su p p o r t  th e s e  w ave­
l e n g t h s  r a th e r  than  th e  in c r e a s e d  damping o f  s h o r t e r  w a v e le n g t h s  fo r  a l l  
v a r i a b l e s .
The l i m i t a t i o n s  o f  th e  a s s i m i l a t i o n  model i n v o l v e  th e  s p a t i a l  
and tem poral e x t e n t  o f  th e  a s y n o p t ic  d a ta  ( m o d if ie d  g e o p o t e n t i a l  fo r  
th e  s i m u l a t i o n s )  and t h e i r  r e l a t i o n s h i p  to  th e  t o t a l  s p a c e - t i m e  domain  
c o n s i d e r e d .  The a s y n o p t i c  d a ta  must c o v e r  an a r e a  la r g e  enough to  a d e ­
q u a t e l y  r e d e f i n e  p a r t  o f  th e  l a r g e - s c a l e  w a v e ,  or  e l s e ,  th e  a s s i m i l a t i o n  
model w i l l  s i g n i f i c a n t l y  dampen or e l i m i n a t e  th e  da ta  by th e  s t r o n g  
damping o f  s h o r t  w a v e le n g t h s  in  th e  g e o p o t e n t i a l  f i e l d  by th e  b a la n c e  
c o n s t r a i n t .  The b o u n d a r ie s  o f  th e  r e g io n  must be f a r  enough removed  
from th e  a rea  o f  th e  a s y n o p t i c  d a ta  to  a l l o w  th e  n a t u r a l  dynamic a d j u s t ­
ment, o r  e l s e ,  sh arp  g r a d i e n t s  and non-m atched  f i e l d s  w i l l  r e s u l t  n ear  
th e  b o u n d a r ie s .  T h is  i n  tu rn  l e a d s  to  g r a v i t y  w a v e s .  I f  th e  b o u n d a r ie s  
ca n n o t  be removed from th e  a s y n o p t ic  d a t a ,  th e  su b se q u en t  f o r e c a s t  v a r i ­
a b l e s  can be re tu r n e d  to  th e  a s s i m i l a t i o n  m odel fo r  f u r t h e r  dynamic a d ­
ju s tm e n t  and m in im iz a t io n  o f  the a m p l i tu d e  o f  th e  g r a v i t y  w a v e s .  The 
o b s e r v e d  w e ig h t s  must be m o d if ie d  and th e  f o r e c a s t  p e r io d  sh o u ld  be  
su ch  th a t  th e  boundary v a l u e s  a r e  n o t  a f f e c t e d  by th e  g r a v i t y  w a v e s .
W ith tim e i n v a r i a n t  o r  c y c l i c  b o u n d a r ie s  t h i s  p r e s e n t s  no p rob lem , b u t  
w i t h  tim e v a r y in g  b o u n d a r ie s  i t  can  s i n c e  th e y  d e te rm in e  th e  homogeneous 
s o l u t i o n  to  th e  a n a l y s i s  e q u a t io n s .
The c o n s t r a i n t  o f  c o n s e r v a t i o n  o f  t o t a l  en erg y  and mass in  the  
f i n i t e - d i f f e r e n c e  f o r m u la t io n  o f  th e  f o r e c a s t  e q u a t io n s  i s  s im p le  and 
e f f e c t i v e .  The ap proach  can be a p p l i e d  to  o t h e r  c o n s e r v a t i v e  q u a n t i t i e s .
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I t  can  a l s o  be a p p l i e d  t o  th e  c a se  where t h e r e  a r e  s o u rc e s  o r  s i n k s ,  o r  
a n o n - z e r o  n e t  f lu x  o f  e n e rg y  th r u  th e  b o u n d a r ie s  p ro v id in g  t h e i r  tim e 
dependence  can be s p e c i f i e d .
S e v e ra l  p ro m is in g  a r e a s  f o r  c o n t in u e d  r e s e a r c h  r e s u l t  from t h i s  
i n v e s t i g a t i o n .  R e se a rc h  sh o u ld  c o n t in u e  on th e  s p e c t r a l  m o d i f i c a t i o n  
o c c u r r i n g  in  the  dynamic a d ju s tm e n t  p r o c e s s  and th e  s p e c i f i c  r o l e  o f  th e  
o b s e r v a t i o n a l  and dynamic w e ig h t s .  T h is  can  be acco m p lish ed  u s in g  v e ry  
s im p le  dynam ical  c o n s t r a i n t s ,  f o r  exam ple, th e  c o n t i n u i t y  e q u a t i o n  and 
th e  g e o s t r o p h ic  wind e q u a t i o n s  o r  a much more d e t a i l e d  i n v e s t i g a t i o n  o f  
th e  s im p le  i n i t i a l i z a t i o n  model p r e s e n t e d .  The r e s u l t i n g  m o d i f i c a t i o n s  
h o ld  p ro m ise  i n  th e  s tu d y  and c l a r i f i c a t i o n  o f  th e  e n e r g e t i c s  o f  th e  
a tm o sp h e re  from a v a r i a t i o n a l  app ro ach  s i n c e  th e  f u n c t i o n a l  does  r e p r e ­
s e n t  a m in im iz a t io n  o f  e r r o r  e n e r g i e s .
The c y c l i c  r e l a x a t i o n  p ro c e s s  i s  v e r y  tim e consum ing. The d i r e c t  
s o l v e r  method (Rosmond and  F a u lk n e r ,  1975) w i th  i t s  l a r g e  r e d u c t i o n  in  
s o l u t i o n  time and more a c c u r a t e  s o l u t i o n s  co u ld  make t h i s  a s s i m i l a t i o n  
method o p e r a t i o n a l l y  a t t r a c t i v e ,  a t  l e a s t  o v e r  a l i m i t e d  a r e a .
The f i n a l  recom m endation  f o r  c o n t in u e d  r e s e a r c h  in v o lv e s  th e  
b a la n c e  e q u a t io n  w hich  i s  an e f f e c t i v e  means o f  s u p p r e s s in g  th e  n o i s e  
i n  th e  P .E . f o r e c a s t .  The a s s i m i l a t i o n  model sh o u ld  be e x te n d e d  to  i n ­
c lu d e  th e  f u l l  n o n l i n e a r  b a la n c e  e q u a t i o n s  b e c a u se  f o r  l a r g e - s c a l e  flow 
th e  n o n l i n e a r  term s a r e  a p p ro x im a te ly  th e  same o r d e r  o f  m ag n i tu d e  a s  th e  
a d v e c t i o n  o f  th e  C o r i o l i s  p a ra m e te r .  As t h e  h o r i z o n t a l  l e n g t h  s c a l e  d e ­
c r e a s e s ,  b u t  s t i l l  i n  th e  s y n o p t i c  r a n g e ,  th e  n o n l in e a r  te rm s  can  n o t  
be a r b i t r a r i l y  n e g l e c t e d .  As a f i r s t  s t e p ,  th e  n o n l in e a r  te rm s cou ld  
be d e te rm in e d  from th e  o b s e r v a t io n s .  They would n o t  ta k e  p a r t  i n  th e  
v a r i a t i o n s  and would o n ly  e n t e r  th e  f o r c i n g  f u n c t i o n .  They c o u ld  be
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r e c a l c u l a t e d  a f t e r  each  c y c l i c  a s  s u g g e s te d  by Lewis (1 9 7 2 ) ,  This  
would a l lo w  f o r  some n o n l i n e a r  e f f e c t s  i n  th e  r e s u l t i n g  a n a l y s i s .
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APPENDIX A
THE SHALLOW WATER AND TOTAL ENERGY EQUATIONS
The p r i m i t i v e  e q u a t i o n s  f o r  b a r o t r o p i c - d i v e r g e n t  f lo w ,  d e v e lo p e d  
i n  te rm s  o f  c o o r d i n a t e s  on t h e  p o l a r  s t e r o g r a p h i c  p r o j e c t i o n  to  f a c i l i ­
t a t e  th e  h a n d l i n g  o f  m e t e o r o l o g i c a l  d a t a ,  h av e  th e  f o l l o w in g  form:
It + ^  + I f  “ ° • (A-i)
1“  +  Di^(u +  V 1 ^ )  +  tn ^  (u^ +  v^) +  fu  +  = 0 , (A-2)
anii M  +  „2  ( +  M M )  .  0 . (A-3)
a t  ax  ay
The symbols u se d  a r e :
x , y  = h o r i z o n t a l  c a r t e s i a n  c o o r d i n a t e s  on p o l a r  s t e r e o -
g r a p h ic  p r o j e c t i o n ,
t  = t im e ,
m = image s c a l e  f a c t o r ,
1 +  s i n  0 0 i s  t h e  r e f e r e n c e  l a t i t u d e  (60°N)
— o o
^  1 +  s i n  0 ’ and  0 i s  any  l a t i t u d e ,
u  = s c a l e d  x -com ponen t o f  v e l o c i t y  ( h o r i z o n t a l  v e l o c i t y ,  
e a r t h  d i s t a n c e  p e r  u n i t  t im e ,  d i v id e d  by  th e  image 
s c a l e  f a c t o r ) ,
V = s c a l e d  y -com ponent o f  v e l o c i t y ,
f  = C o r i o l i s  p a r a m e te r ,  2 Q s i n  Q, w here  Q i s  t h e  a n g u ­
l a r  v e l o c i t y  o f  r o t a t i o n  o f  t h e  e a r t h ,
and $ = th e  g e o p o t e n t i a l  h e i g h t  o f  a n  i s o b a r i c  s u r f a c e ,  g z ,
where g i s  th e  a c c e l e r a t i o n  due  t o  g r a v i t y  and  z i s  
th e  g e o m e t r i c  h e i g h t  above mean s e a  l e v e l .
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The e q u a t io n s  can be t r a n s fo rm e d  to  a  d im e n s io n le s s  form ( s t a r r e d  v a r i ­
a b l e s )  by re p la c e m e n t  o f  a l l  v a r i a b l e s ,  d e p e n d e n t  and in d e p e n d e n t ,  by 
t h e i r  s c a l e d  c o u n t e r p a r t s .  Thus,
u = V u*  , t  = T t *  ,
*  *
V = V V , f  = F f ,
— *  *
$ = $ $ ,  x  = L x ,
w here
*
and y = L y ,
V = 10 m se c  ^ ,
F = 10 ^  s e c  ^ ,
L = 10^ m ,
— , 3 2 - 2  $ = FVL = 1 0  m s e c
and T = L/V = 10^ s e c  ,
The c h a r a c t e r i s t i c  p a ra m e te r s  a r e  r e p r e s e n t a t i v e  o f  th e  l a r g e - s c a l e  f low
p a t t e r n s  i n  m idd le  l a t i t u d e .  The i n t e n t  o f  t h e  n o n - d im e n s i o n a l i z a t i o n
h a s  n o t  b e e n  to  d e te rm in e  th e  r e l a t i v e  m ag n i tu d e  o f  each  te rm ,  n e c e s s a r ­
i l y ,  b u t  to  f a c i l i t a t e  th e  c o m p u ta t io n s  and  th e  s e l e c t i o n  o f  th e  w e i g h t s .  
S u b s t i t u t i n g  th e s e  i n t o  E q s .  (A-1) -  ( A - 3 ) ,  d ro p p in g  th e  s t a r  n o t a t i o n ,  
and r e a r r a n g i n g  y i e l d s
g  m2(u V 1 ^ )  -b m ^ ( u ^  + v^ )  -  R^fv -f | |  = 0 ,  (A-4)
+  " f ( u  +  V +  m ^ ( u ^  + + R ^ f u - f  Ri ^  = 0 ,  (A-5)
and
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FLwhere ~  ~ 10) i s  th e  i n v e r s e  o f  th e  Rossby number. Expanding Eq.
(A-6) y i e l d s
M  +  mZ(u I f  +  v | | )  + §( + §  ) = 0 . (A-7)
The n o n -d im e n s io n a l  g e o p o t e n t i a l ,  $ ,  i s  composed o f  a  b a s i c  s t a t e
in d e p e n d e n t  o f  t im e  and s p a c e ,  p lu s  p e r t u r b a t i o n s  upon th e  b a s i c  s t a t e .
The s c a l i n g  f a c t o r  f o r  g e o p o t e n t i a l  i s  such  t h a t  th e  n o n -d im e n s io n a l
p e r t u r b a t i o n s  a r e  o f  th e  o r d e r  o f  u n i t y .  C o n se q u e n t ly ,  t h e  b a s i c  s t a t e
1 2i s  o f  th e  o r d e r  o f  10 -  10 . F o r  exam ple, = 54 .6056  u s in g  th e
500-mb s t a n d a r d  a tm o s p h e r ic  v a l u e .  S in c e  l a r g e - s c a l e  d iv e r g e n c e  i s  
n o rm a l ly  an  o r d e r  o f  m agn itude  s m a l l e r  th a n  th e  s c a l i n g  f a c t o r  (V /L), 
a l l  term s i n  Eq. (A-7) a r e  o f  th e  o r d e r  o f  u n i t y .
The t o t a l  e n e rg y  e q u a t i o n  may be  d e r iv e d  by m u l t i p l y i n g  Eq.
2 2 (A-4) by  m u # , Eq, (A-5) by  m v  $, and a d d in g  th e  e q u a t i o n s .  T h is
g iv e s
m% I I  + m^(m^u$ ^  + m^v$ | | )  + R̂ m̂ u | ^ ( |  ) + R^m v̂ ^ ( |  )
+ m  ̂ $ K( 1 ^  +  ) = 0 , (A-8)
2 ^ 2  u + V 
where K = ----- ^-----  •
E q u a t io n  (A-8) can  be f u r t h e r  m a n ip u la te d  by r e c o g n i z i n g  t h a t  
^2^^ H  .  u f  K g -  -  m^uK I I  -  m^K $ , (A-9)
and s i m i l a r l y  f o r  th e  y and t  d e r i v a t i v e s .  Thus, Eq. (A-8) becomes
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+ <" " <̂2 ” ■ If ' " >
2
w here  K' = K x  m .
M u l t i p l i c a t i o n  o f  Eq. (A-7) by K' and a d d i t i o n  to  Eq. (A-lO)
g iv e s
^  +  + «1 +  V ^ ) ) .  0 .  (A-11,
M u l t i p ly i n g  Eq. (A-7) by  Rj^$ and a d d in g  t o  Eq. (A-11) r e s u l t s  i n
R l$2
where E = $K' H ^— .
Combining th e  l a s t  f o u r  term s o f  Eq. (A-12) g iv e s
a: + *2(ajsii + aizii) . ». (a-u)
ac 3% ay
where T = $(K' + R^$) .
I f  Eq. (A-13) i s  i n t e g r a t e d  o v e r  a  r e g i o n  f o r  w hich  th e  f l u x  o f  
e n e rg y  a c r o s s  th e  b o u n d a r ie s  i s  z e r o ,  Eq. (4) r e s u l t s .
APPENDIX B 
DERIVATION OF THE ANALYSIS EQUATIONS
In  t a k i n g  th e  f i r s t  v a r i a t i o n ,  o n ly  t h e  unknown d e p e n d e n t  fu n c ­
t i o n s  a r e  v a r i e d .  These  i n c l u d e  u ,  v  and  $ an d  t h e i r  d e r i v a t i v e s .  The
in d e p e n d e n t  v a r i a b l e s  x ,  y ,  and t ,  th e  weak c o n s t r a i n t  w e i g h t s ,  and  th e
o b se rv e d  v a l u e s  a r e  known and a r e  n o t  v a r i e d .  As shown i n  H i ld e b ra n d  
(1 9 6 5 ) ,  th e  v a r i a t i o n a l  o p e r a t o r  a c t s  i n  much th e  same way a s  t h e  p a r t i a l  
d i f f e r e n t i a l  o p e r a t o r s .  The laws o f  v a r i a t i o n  o f  sum s, p r o d u c t s ,  r a t i o s ,  
and powers a r e  c o m p le te ly  a n a lo g o u s  to  th e  c o r r e s p o n d in g  laws o f  d i f f e r ­
e n t i a t i o n .
The f i r s t  v a r i a t i o n  o f  Eq. 8 i s
6J  = 0 = J [ 2a ( u - u ) 0u +  2Qf(v-v)6v + 2 p ( $ -$ ) 6 §  +  2yB 6B 
R
+  2yc 6Cl , (B-1)
m ,
w here  ^  ^  -  g  5^  .  £ ^  .
and 6u i s  th e  v a r i a t i o n  o f  th e  f u n c t i o n  u ,  e t c .
S u b s t i t u t i o n  o f  6B and 6C i n  Eq. (B-1) and  r e p e a t e d  i n t e g r a t i o n  
by p a r t s  l e a d s  to
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6J  = 0 = J {6u[cy(u-u) - a | ^  +  Y B - | ^ - Y  3
R
+ 6v[cy(v-v) -  A ^ - Y b | ^ + v  ] (B-2)
^  2 2 
+  6$ [ 6(# -$ )  +  Y + - ^ - r ) ] ]  dxdy + [Boundary C o n d i t i o n s ]  .
dx ay
F o r  s a t i s f y i n g  th e  extremum c o n d i t i o n ,  ÔJ = 0 ,  f o r  a r b i t r a r y  and 
in d e p e n d e n t  v a r i a t i o n s  o f  6u ,  6v ,  and 6$, t h e i r  r e s p e c t i v e  c o e f f i c i e n t s  
m ust each  v a n i s h  i d e n t i c a l l y  i n  t h e  dom ain. T h is  l e a d s  to  E q s .  (9) - 
( 1 1 ) .  The boundary  c o n d i t i o n s  a r e  s a t i s f i e d  by s p e c i f y i n g  u ,  v  and  $ 
on th e  b o u n d a r ie s  and  t h u s ,  6u ,  5v, and 6$ a r e  z e ro  t h e r e .  I n  p r a c t i c e ,  
th e  o b se rv e d  v a l u e s  a r e  s p e c i f i e d  a s  boundary  v a lu e s  and  s i n c e  t h e s e  a r e  
n o t  d y n a m ic a l ly  m atched  and  may c o n t a i n  n o i s e  ( s h o r t  w a v e le n g th  compon­
e n t s ) ,  t h e  boundary  v a l u e s  a r e  f i l t e r e d  ( S a s a k i ,  1 9 7 0 b ) ,  A l s o ,  s p e c i ­
f y in g  t h e s e  v a l u e s  d e te r m in e s  th e  s o l u t i o n ,  once  th e  w e ig h t s  h a v e  been 
s e l e c t e d .  C o n s e q u e n t ly ,  t h e  b o u n d a r ie s  o f  t h e  domain s h o u ld  b e  p la c e d  
such  t h a t  th e  o b j e c t i v e l y  a n a ly z e d  v a lu e s  a d e q u a t e ly  r e p r e s e n t  th e  s o l u ­
t i o n .
A lthough  th e  o p e r a t i o n s  h a v e  been  c a r r i e d  o u t  f o r  th e  c o n t in u o u s  
fo rm , th e  same v a r i a t i o n a l  p r o p e r t i e s  h o ld  f o r  th e  f i n i t e - d i f f e r e n c e  
a n a lo g u e s  ( S a s a k i ,  1969, 1970b ) .
APPENDIX C
CONSERVATION OF TOTAL ENERGY IN THE FORECAST MODEL
I t  i s  r e q u i r e d  t h a t  th e  f o r e c a s t  v a lu e s  o f  th e  v a r i a b l e s  co n ­
t i n u a l l y  s a t i s f y  Eq. ( 7 6 ) .  S a s a k i ' s  a p p ro a c h  i s  b a s e d  on th e  fundamen­
t a l  h y p o t h e s i s  t h a t  th e  s o l u t i o n  u ? ^ ^ , v ? ^ ^ , and  t h a t  s a t i s f i e s
i , J  i , J
Eq. (76) i s  a l s o  a s t a t i o n a r y  v a l u e  t h a t  m in im izes  a w e ig h te d  sum o f
r  ~  n+1 \ ,  n+1 ~  n+1 . , , ,n + l  n+1 . , ^th e  v a r i a n c e s  o f  (u .  . -  u .  . ) , ( v .  . -  v .  . ) ,  and ($. . -  . ) i n t e -
J ^>J I j J  1 ; J 1>J
g r a t e d  o v e r  the  e n t i r e  dom ain , w here  t h e  t i l d e  term s a r e  t h e  p r e d i c t e d  
v a l u e s  from th e  f i n i t e - d i f f e r e n c e  f o r e c a s t  e q u a t i o n s .  Based on t h i s  
h y p o t h e s i s ,  th e  v a r i a t i o n a l  f u n c t i o n a l  i s  w r i t t e n  a s :
J p  = AxAy u " ^ ^ ) ^  + a(v '^ '^^ -  v  ^ ^ ^ )^  j
+ Xg[AxAy + (v'^^)^) (C-1)
m
w here  th e  s u b s c r i p t s  i , j  a r e  s u p p r e s s e d ,  and i s  a L agrange  m u l t i p l i e r  
w hich  i s  c o n s t a n t  i n  s p a c e  b u t  may v a r y  i n  t im e .  T h is  f o r m u l a t i o n  r e ­
q u i r e s  t h a t  th e  c o n s t r a i n t  ( te rm  m u l t i p l y i n g  Xg) i s  e x a c t l y  s a t i s f i e d .  
The f i r s t  v a r i a t i o n  o f  Eq. (C-1) s h o u ld  v a n i s h  ( 6J „  = 0 ) .  The p r o c e -i!f
d u r e  f o r  t a k in g  th e  f i r s t  v a r i a t i o n  o f  J g  w i th  r e s p e c t  to  v " ^ ^ ,
and Xg i n  th e  d i s c r e t e  form a r e  i d e n t i c a l  t o  th o s e  o f  th e  co n ­
t in u o u s  form l i s t e d  i n  A ppendix  B. S in c e  th e  v a r i a t i o n s  a r e  a r b i t r a r y  
on th e  i n t e r i o r ,  th e  r e s u l t i n g  E u le r - L a g ra n g e  e q u a t io n s  a r e :
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2a(u"'*'^ -  u ) +  \  = 0 , (C-2)£i
2c^(v”'^^ -  + Xg = 0 , (C-3)
2W($""^^ -  + Xg m^--( -^ ----------------- ^ )  +XgR^$’̂ '^  ̂= 0 ,  (C-4)
and AxAy E[ [ ^ ^) +  R ^ ( § " ^ S ^ ] - ^ ]  -  T° = 0 . (C-5)
m
I n  o r d e r  t o  o b t a i n  s o l u t i o n s  f o r  E qs .  (C-2) -  (C -5 ) ,  th e  f o l l o w ­
in g  a s su m p t io n s  a r e  made:
a)  \  i s  s m a l l ,£i
2
b) m i s  c o n s t a n t  and e q u a l  t o  1 ,
c) i n  E q s .  (C-2) and  ( C - 4 ) ,  $g>> $ ' ,  w hich  im p l ie s
,n + l
and d) i n  Eq. (C-4) »  [ (u "^ ^ )^  +  ( v " ^ ^ ) ^ ]  /  2.
T h e r e f o r e ,  t h e  s o l u t i o n s  a r e  a p p ro x im a te d  by :
^ n + i ,  _ Æ _  ^  +  o a ! « 5 ] : ° + ^  , ( c - 6)
2a +  Xg§g 2a
^n+1 ^  2a   ~ n + l ^  [1 +  0 ( X & ^ ) ] v " ' ' '^  , (C-7)
2;+ X g $ ^  2a  '  :  = '
and ^ = [ 1  + O(XgR^)]?'^'^^ , (C-8)
28 + XgR^ 28
w here  0 (  ) i s  th e  o r d e r  o f  m a g n i tu d e .  S in c e  th e  f i n i t e - d i f f e r e n c e  e q u a ­
t i o n s  have  th e  same s p a t i a l  and tem p o ra l  t r u n c a t i o n  e r r o r ,  i t  i s  f u r t h e r  
assumed t h a t  th e  f r a c t i o n a l  a d ju s tm e n t  i s  th e  same f o r  u " ^ ^ , v ^ ^ ^ ,  and
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Thus,  f o r  0 = 1  and  g = ■—  , Eqs.  (C-6) -  (C-8 ) a r e  w r i t t e n  a s ;
„ ” + i  .  (1 .  X*-) 5 " + ^  , ( c - 9 )
v " + i  = (1 -  X*) . (C-IO)
and -  (1 -  \ * )  , (C-IX)
X $
where %. = . S u b s t i t u t i o n  o f  Eqs .  (C-9)  -  (C-11) i n t o  Eq. (C-5)
y i e l d s ,  a f t e r  r e a r r a n g e m e n t ,
R -  S + Q X* +  P = 0 , (C-12)
3 ~where R = KE ,
S = (2 $ 3 +  $ 2) (IŒ) + PE ,
Q = 3$g KE + 2$g PE ,
P = T -  KE + PE , o
l 5  = ^  E ( ( u ”+^ ) ^  +  (Ù -+ ' '  ) 2) ,
i .  j
1 , ]
A m o d i f i e d  Newton method f o r  f i n d i n g  t h e  z e r o s  o f  a  p o ly n o m ia l  
i s  u s e d  to  s o l v e  Eq.  (C-12)  (Carnahan ,  L u t h e r ,  and  W i l k e s ,  1 969 ) .  L e t  
X ^ be  t h e  v - t h  a p p r o x i m a t i o n  t o  t h e  s o l u t i o n  o f  Eq.  (C - 1 2 ) .  S u b s t i t u ­
t i o n  i n t o  Eq. (C-12) r e s u l t s  i n  a  r e s i d u a l  r ^ ,  i . e . ,
R(X*V)^ -  S(X*V)2 + Q X*^ +  P = . (C-13)
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The (v + l ) s t  guess  i s
= r  - . (c -1 4 )
where FD i s  t h e  f i r s t  d e r i v a t i v e  o f  Eq.  (C-12)
*2 *
FD = 3 R \  - 2 S X + Q .
T h is  (v +  l ) s t  gues s  o f  \  i s  u s e d  t o  c o r r e c t  o r  mod ify t h e  f o r e c a s t  
f i e l d s  by  E q s .  (C-9) - ( C -11 ) .  The c o r r e c t e d  v a l u e s  become t h e  new 
o b s e rv e d  v a l u e s  and t h e  terms i n  E qs .  (C-12)  -  (C-14)  a r e  r e c a l c u l a t e d .  
T h i s  p r o c e s s  i s  r e p e a t e d  u n t i l  P i s  l e s s  t h a n  o r  e q u a l  t o  some p r e s p e c i ­
f i e d  t o l e r a n c e .
APPENDIX D 
CENTERED FINITE-DIFFERENCE OPERATORS
The f o l l o w i n g  f i n i t e - d i f f e r e n c e  o p e r a t o r s  a r e  d e f i n e d  i n  o r d e r  
t o  s-o*lve t h e  a n a l y s i s  e q u a t i o n s  n u m e r i c a l l y .  L e t  Q r e p r e s e n t  any  d e ­
p e n d e n t  v a r i a b l e ;  i ,  j ,  k  a r e  t h e  g r i d  i n d i c i e s  a l o n g  x ,  y and t  a x e s ,  
r e s p e c t i v e l y .  The g r i d  s p a c i n g  i n  t h e  h o r i z o n t a l  p l a n e  i s  r e p r e s e n t e d  
by ÛS a n d  i n  t ime  by  At .  For  d e r i v a t i v e  e v a l u a t i o n  a t  i ,  j  o r  k ,  o n ly  
t h o s e  s u b s c r i p t s  d i f f e r e n t  f rom i ,  j  o r  k  a r e  i d e n t i f i e d .  The o p e r a t o r s  
a r e  :
\  ^ \ j k  2As^^^^ + 1) -  Q ( i  -  1 ) ] ,  (D-1)
Vy Q l i jk  = ^ [ Q ( j  +  1) -  Q (j -  1 ) ] ,  (D-2)
V ^ \ j k  "  + 1) + Q ( i  -  1) -  2 Q ] ,  (D-3)
1
= — 2 [ Q ( j  +  1) + Q ( j  -  1) -  2 Q] ,  (D-4)
yy A6
\ t ^ \ j k  "  + 1) +  Q(k -  1) -  2 Q] ,  (D-5)
O Q].  = - ^ [ Q ( i + l , j + l ) - Q ( i - l , j + l ) - Q ( i + l J - l ) + Q ( i - l , j - l ) ] ,  (D-6)
xy i j K  4AS
\ t ‘̂ \ j k  ^  ^ ^ [ Q ( i + l . k + l ) - Q ( i - l , k + l ) - Q ( i + l , k - l ) + Q ( i - l , k - l ) ] ,  (D-7)
71
72
V Q ^ i j k  , k + l ) - Q ( j+1 ,k - l ) - H ) ( j - 1  , k - l ) ] ,  (D-8 )
V Q ] . . .  = - ^ [ Q ( i + 2 )  -  Q ( i - 2 )  -  2 ( Q ( i + l )  -  Q ( i - l ) ) ]  , (D-9)
XXX - ' i j k  2as
9 0 ] .  .. = - ^ [ Q ( j + 2 )  -  Q ( j - 2 )  -  2 ( Q ( j + l )  -  Q ( j - l ) ) ] ,  (D-10)
^  2As
V Q ] . . .  = —^ r [ Q ( i + l , j + 1 )  -  Q ( i - l , j + l )  -  Q ( i - l , j - l )  +  Q ( i + l > j " l )  
xyy i ] k  2As^
V Q ] . . .  = —^ [ Q ( i + 1 , j + l )  +  Q ( i - l , j + l )  -  Q ( i + l , j - l )  -  
yxx i j k  2AS^
+ 2 ( Q ( i , j - l )  -  Q ( i , j + l ) ) l ,  (D-12)
9 Q ] . , .  = - \ [ Q ( i + 2 )  + Q ( i - 2 )  -  4 ( Q ( i + l )  + Q ( i - l ) )  +  6Q],  (D-13)
XXXX X J  K . 4Ax
V Q] .  = - ^ [ Q ( j + 2 )  + Q ( j - 2 )  -  4 ( Q ( j + l )  + Q ( j - l ) )  +  6Q],  (D-14)
yyyy j
and
V Qli^k = - \ t Q ( i + l , j + l )  + Q ( i - l , j + l )  + Q ( i - l , j - l )  +  Q ( i + l , j - l )xxyy J
-  2 ( Q ( i + l , j )  + Q ( i - l , j )  + Q ( i , j + 1 )  +  Q ( i , j - 1 ) )  + 4 0 ] .  (D-15)
TABLE 1
W eig h ts
E xp erim en t
Number Ci Po Pf Y T] \ / s
V  =Y = Y  V t $8 $ t
F o r e c a s t
Scheme
1 10^ l o i o 1. .001 .1 .0001 Scheme F
2 10 5000 1000 1. .0003 .1 .0001 Scheme F
3 1 2500 250 1. .001 .1 .0001 Scheme F
4 1 500 50 1 . .001 .1 .0001 Scheme F
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WAVELENGTH (GRID INTERVALS)
F i g u r e  l a .  Response  f u n c t i o n  f o r  u  and v a s  a f u n c t i o n  o f  w a v e l e n g t h  
i n  t h e  x - d i r e c t i o r i ,  e x p r e s s e d  ^ s  m u l t i p l e s  o f  t h e  g r i d  
i n t e r v a l ,  f o r  Ly = 4 3 8 1 .5  km, "g = y  = 0 ,  and a  = A = 1.







F i g u r e  l b .  Same a s  F i g .  l a  e x c e p t  i t  i s  a  f u n c t i o n  o f  w a v e l e n g t h  
i n  t h e  y - d i r e c t i o n  f o r  = 4 3 8 1 .5  km.
75
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WAVELENGTH (GRID INTERVALS)-.2
F i g u r e  2a ,  Response  f u n c t i o n  f o r  u ,  v  and $ a s  a f u n c t i o n  o f  wave­
l e n g t h  i n  t h e  x - d i r e c t i o n ,  e x p r e s s e d  a s  m u l t i p l e s  o f  t h e  
g r i d  i n t e r v a l ,  f o r  Ly = 4 3 8 1 .5  km, and a = ' ^  = A = Y = l .
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WAVELENGTH (GRID INTERVALS)
Figure 2b, Same as  F i g ,  2a e x c e p t  i t  i s  a f u n c t i o n  o f  w a v e l e n g t h  i n  








F ig u re  2 c .  Same a s  F ig .  2a e x c e p t  i t  i s  a f u n c t i o n  o f  w a v e le n g th  f o r
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WAVELENGTH (GRID INTERVALS)
F i g u r e  3a .  Response  f u n c t i o n  f o r  $ a s  a f u n c t i o n  o f  w a v e le n g th  i n  
t h e  x - d i r e c t i o n ,  e x p r e s s e d  a s  m u l t i p l e s  o f  t h e  g r i d  



















3 4 5 6 7 3 9 10 II 12 13 14 15 16 17 18 19 20 21 2̂ .. 23 24 25
Figure 3b.
WAVELENGTH (GRID INTERVALS)
Same a s  F i g .  3a e x c e p t  i t  i s  a  f u n c t i o n  o f  w a v e l e n g t h  




F i g u r e  4 a . Response f u n c t i o n  f o r  u a s  a f u n c t i o n  o f  w a v e l e n g t h  i n  
the  x - d i r e c t i o n ,  e x p r e s s e d  a s  m u l t i p l e s  o f  the  g r i d  
i n t e r v a l  f o r  Ly = 4 3 8 1 .5  km, -  0 ,  Y ~ A  = 1 and v a r i o u s  













F i g u r e  5. Gr id  l a t t i c e  f o r  c o n s t r u c t i n g  Shuman's semi-momentum 
f i n i t e - d i f f e r e n c e  o p e r a t o r s .














F igu re  6.
E' F'
Grid o r i e n t a t io n  w ith  r e s p e c t  to  a c a r t e s ia n  c o o r d in a te
system , and p o in ts  and c r o s s - s e c t i o n s  used in  subsequent









F i g u r e  7. I n i t i a l  ( t  = 0) n o n - d i m e n s i o n a l  g e o p o t e n t i a l  a f t e r  
dynamic a d j u s t m e n t .
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F ig u r e  9 . i n i t i a l  f t  = 0 ) n o n -d im e n s io n a l u com ponent a f t e r  







F i g u r e  10. Number o f  r e l a x a t i o n  i t e r a t i o n s  p e r  c y c l e  f o r  t h e  u and 
V components  d u r i n g  the  i n i t i a l i z a t i o n  p r o c e s s .
= V
08










2  -0 6  
X
<  -.03
2 4 6 8 10 12 14 16 18 20 22 24
CYCLE NUMBER
F i g u r e  11. Maximum r e s i d u a l  o f  the  f i r s t  r e l a x a t i o n  i t e r a t i o n  
p e r  c y c l e  f o r  u , v and $ d u r i n g  the  i n i t i a l i z a t i o n  
p r o c e s s .
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F i g u r e  12.
u
N
I 2 3 <> 5 6 7 8 9 10 II 12 IJ 14
Z o n a l
c o n d i
f r o m
X (GRID INTERVALS)
l y  a ve raged  v e l o c i t y  d i s t r i b u t i o n  f o r  the  i n i t i a l  
t i o n s ;  the  a b s c i s s a  i s  d i s t a n c e ,  i n  g r i d  i n t e r v a l s ,  





120 1800 6 0 240 360300
TIME (MIN)
F igure  13. Time t r a c e  o f  the  n o n - d im e n s i o n a l  f o r e c a s t  v a r i a b l e s ,  
u ,  V, and $, from G ra m m e l tv e d t ' s  Scheme F a t  P o i n t  A.
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F i g u r e  14. Time t r a c e  o f  the  n o n - d im e n s i o n a l  g e o p o t e n t i a l  p e r ­
t u r b a t i o n  a t  p o i n t  A from t h e  Scheme F f o r m u l a t i o n .
0
1 ------- »— I 1 — I 1 1 1 - J   I____ I I L  - I  1 1 1  i  i — u .
0 60 120 180 240
. . .  i - l  » . *
300 360
TIME (MIN)
F i g u r e  15.  Same a s  F ig .  14 e x c e p t  i t  i s  a t  p o i n t  B.
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F i g u r e  16. Same a s  F i g .  15 e x c e p t  i t  i s  from Shuman's  semi-momentum 
f o r m u l a t i o n .















F igure  17a. N o n - d im e n s io n a l  g e o p o t e n t i a l  p e r t u r b a t i o n  r e s u l t i n g  from 
m o d i f i c a t i o n  I  a t  t  = 10 m i n u t e s ;  t h i s  f i e l d  i s  the  s im u­















Figures 17b -  d. C r o s s - s e c t i o n a l  views o f  the  m o d i f i e d  g e o p o t e n t i a l  
i n  F i g .  17a .  The f o r e c a s t  g e o p o t e n t i a l ,  a tm
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- 2.0 Y (GRID INTERVALS)
F ig u res  18b -  d . C r o s s - s e c t io n a l  v ie w s  o f  th e m o d if ie d  g e o p o te n t ia l







F i g u r e  19. Time t r a c e  o f  t h e  n o n - d i m e n s i o n a l  f o r e c a s t  v a r i a b l e s  
a t  p o i n t  B f o r  e x p e r i m e n t  1.
Figure 20.
-2 -.-I_
0 60 120 ISO
TIME (MIN)
Time t r a c e  o f  t h e  n o n - d im e n s i o n a l  g e o p o t e n t i a l  p e r t u r b a t i o n  









F ig u re  21a . T h r e e - h o u r  f o r e c a s t  o f  t h e  n o n - d i m e n s i o n a l  u 

















Figure 21b. T h r e e - h o u r  f o r e c a s t  o f  t h e  n o n - d i m e n s i o n a l  v 






















F ig u re  21c . T h r e e - h o u r  f o r e c a s t  o f  t h e  n o n - d i m e n s i o n a l  ge o ­










F i g u r e  22.  N o n -d im e n s io n a l  a d j u s t e d  k i n e t i c  e n e rg y  (KE) and p o t e n t i a l  
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0 2 4 6 8 10 12 14 0  2 4 6 8 10 12 14
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F i g u r e s  23a and b .  C r o s s - s e c t i o n a l  v iew s  o f  the  n o n - d im e n s i o n a l
g e o p o t e n t i a l  a f t e r  a s s i m i l a t i o n ,  f o r  e x p e r i ­
ment 2 ; the  m o d i f i e d  g e o p o t e n t i a l  %  i s  p l o t t e d  




F - F ' E - E '
- 2.0
0 2 4  6 8 10 12 14 0  2 4 6 8 10 12 14
X (GRID INTERVALS)
F i g u r e s  24a and b .  Same a s  F i g s .  23a and b e x c e p t  i t  i s  f o r  t h e
n o n - d im e n s i o n a l  v component .
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F i g u r e  25. Same a s  F i g .  23b e x c e p t  i t  i s  f o r  the  n o n - d im e n s io n a l  
u component .
   at A
 = Qt B
-I
-2 . j  . 
60 180
TIME (MIN)
Figure 26. Time tra c e  o f  the a s s im i la t e d  non-dim ensional g e o p o t e n t ia l






- 2.0 4  6 8  10 12 14
X (GRID INTERVALS)
F i g u r e s  27a and b.  C r o s s - s e c t i o n a l  v iew s  o f  t h e  a s s i m i l a t e d  non-
d i m e n s i o n a l  g e o p o t e n t i a l  p e r t u r b a t i o n  a t  t  = 
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F i g u r e s  28a and b .  Same a s  F i g s .  27a and b e x c e p t  i t  i s  f o r  t h e






0 2 4 6 8 10 12 14
X (GRID INTERVALS)
F i g u r e  29.  Same a s  F i g .  27b e x c e p t  i t  i s  f o r  t h e  a s s i m i l a t e d  non- 
d i m e n s i o n a l  u component.
2r
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F igure  30. Time t r a c e  o f  the a s s im i l a t e d  non-d im ensional g e o p o t e n t ia l










F i g u r e  31a. Three  h o u r  f o r e c a s t  o f  t h e  n o n - d im e n s i o n a l  u 
















Figure 31b, Three hour f o r e c a s t  o f  the n on-d im ensional g e o ­
p o t e n t i a l  p er tu rb a tio n  for experim ent 3.
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F i g u r e  32.  Time t r a c e  o f  t h e  a s s i m i l a t e d  n o n - d i m e n s i o n a l  g e o p o t e n t i a l  







F ig u re  33a .  Three  h o u r  f o r e c a s t  o f  t h e  n o n - d im e n s i o n a l  u 












F i g u r e  33b, Three hou r  f o r e c a s t  o f  t h e  n o n - d im e n s i o n a l  v 


















F igure 33c . Three hour f o r e c a s t  o f  the non-d im ensional g e o ­
p o t e n t i a l  p e r tu r b a t io n  for  experim ent 5.
